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Abstract. We prove that the quotients of the group algebra of the braid group on 3 strands by 
a generic quartic and quintic relation respectively, have finite rank. This is a special case of a 
conjecture by Broue, Malle and Rouquier for the generic Hecke algebra of an arbitrary complex 
reflection group. Exploring the consequences of this case, we prove that we can determine com¬ 
pletely the irreducible representations of this braid group of dimension at most 5, thus recovering 
a classification of Tuba and Wenzl in a more general framework. 
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1 Introduction 

In 1999 I. Tuba and H. Wenzl classified the irreducible representations of the braid group 
of dimension k at most 5 over an algebraically closed field K of any characteristic (see m) and, 
therefore, of PS'L2(Z), since the quotient group B3 modulo its center is isomorphic to PSL2{Ij). 
Recalling that B 3 is given by generators si and S 2 that satisfy the relation S 1 S 2 S 1 = S 2 S 1 S 2 , we 
assume that si 1 -^ A, S 2 B is an irreducible representation of B 3 , where A and B are invertible 
k X k matrices over K satisfying ABA = BAB. I. Tuba and H. Wenzl proved that A and B 
can be chosen to be in ordered triangular for with coefficients completely determined by the 
eigenvalues (for k < 3) or by the eigenvalues and by the choice of a fcth root of detA (for k > 3). 
Moreover, they proved that such irreducible representations exist if and only if the eigenvalues 
do not annihilate some polynomials Pk in the eigenvalues and the choice of the kth root of detA, 
which they determined explicitly. 

At this point, a number of questions arise: what is the reason we do not expect their methods 
to work for any dimension beyond 5 (see [TO], remark 2.II, 3)? Why are the matrices in this 
neat form? In [TO], remark 2.II, 4 there is an explanation for the nature of the polynomials Pk- 
However, there is no argument connected with the nature of Pk that explains the reason why these 
polynomials provide a necessary condition for a representation of this form to be irreducible. In this 
paper we answer these questions by recovering this classification of the irreducible representations 
of the braid group B3 as a consequence of the freeness conjecture for the generic Hecke algebra of 
the finite quotients of the braid group B3, defined by the additional relation sf = 1, for * = I, 2 
and 2 < fc < 5. For this purpose, we first prove this conjecture for fc = 4, 5 (the rest of the cases 
are known by previous work). The fact that there is a connexion between the classification of the 

^Two k X k matrices are in ordered triangular form if one of them is an upper triangular matrix with eigenvalue 
Xi as i-th diagonal entry, and the other is a lower triangular matrix with eigenvalue Afc+i_i as i -th diagonal entry. 
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irreducible representations of of dimension at most 5 and its finite quotients has already been 
suspected by I. Tuba and H. Wenzl (see [TO], remark 2.11, 5). 

More precisely, there is a Coxeter’s classification of the finite quotients of the braid group Bn 
on n strands by the additional relation = 1, for i = 1,2 (see H); these qnotients are finite if 
and only if -^ + ^ > f ■ If we exclude the obvious cases n = 2 and fc = 2, which lead to the cyclic 
groups and to the symmetric groups respectively, there is only a finite number of such groups, 
which are irreducible complex reflection groups: these are the groups G 4 , Gs and Gie, for n = 3 
and fc = 3,4, 5 and the groups G25, G32 for n = 4, 5 and fc = 3, as they are known in the Shephard- 
Todd classification (see [TO]). Therefore, if we restrict ourselves to the case of i? 3 , we have the 
finite quotients Wk, for 2 < fc < 5, which are the groups 63 , G4, Gs and Gie, respectively. 

We set Rk = Z[afc_i,..., ai, oq, for fc = 2,3,4, 5 and we denote by Hk the generic Hecke 
algebra of Wk] that is the quotient of the group algebra RkBs by the relations = ak-is\~^ + ...-\- 
a 1 Si + oo, for * = 1, 2. We assume we have an irreducible representation of B^ of dimension fc at 
most 5. By the Cayley-Hamilton theorem of linear algebra, the image of a generator under such a 
representation is annihilated by a monic polynomial m{X) of degree fc, therefore this representation 
has to factorize through the corresponding Hecke algebra Hk- As a result, \i 9 ■. Rk ^ K \s & 
specialization of Hk such that ai 1 —>■ mi, where nii are the coefficients of m{X), the irreducible 
representations of B^ of dimension fc are exactly the irreducible representations of Hk (E)e K of 
dimension fc. A conjecture of Broue, Malle and Rouquier states that Hk is free as i?/c-module of 
rank |H4|. Based on this assumption, the irreducible representations of Hk have been determined 
in m- We will show how to use the decomposition map dg (see |9] §7.3), in order to get the 
irreducible representations of Hk K that we are interested in. 

The general freeness conjecture of Broue, Malle and Rouquier states that the generic Hecke 
algebra of a complex reflection group is a free i?-module of finite rank, where R is the ring 
of definition of the Hecke algebra (see [1]). For the finite quotients Wk of the braid group we 
mentioned before, this conjecture is known to be true for the symmetric group (see [9], Lemma 
4.4.3), and it was proved in [8], | 2 ] and [TO] for the case of G 4 and in [TO] for the cases of G 25 and 
G 32 . We will prove the validity of the conjecture for the rest of the cases, which belong to the 
class of complex reflection groups of rank twcH; the main theorem of this paper is the following: 

Theorem 1.1. Hk is a free Rk-module of rank |H4|. 

By general arguments (see, for example, [TO]) this has for consequence the following: 

Corollary 1.2. If F is a suitably large extension of the field of fractions of Rk, then Hk F 
is isomorphic to the group algebra FWk- 

In order to prove this theorem we need some preliminary results, which contain a lot of cal¬ 
culations between the images of some elements of the braid group inside the Hecke algebra. We 
hope that this will not discourage the reader to study the proof, since these calculations are not 
that complicated and they should be fairly easy to follow. 

2 Preliminaries 

Let i ?3 be the braid group on 3 strands, given by generators the braids si and S2 and the single 
relation S 1 S 2 S 1 = S 2 S 1 S 2 , that we call braid relation. 

We set Rk = Z[afe_i,..., oi, oq, for k = 2,3, 4, 5. Let Hk denote the quotient of the group 
algebra RkB^ by the relations 

Si = O-k-lS^ ^ -b ... -|-OiSi -b OQ) (1) 

for * = 1,2. For fc = 2,3,4 and 5 we call Hk the quadratic, cubic, quartic and quintic Hecke 
algebra, respectively. 

^The study of the conjecture of these groups is the subject of the author’s PhD thesis, that is still in progress. 
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We identify St to their images in Hk- We multiply (P) by and since oq is invertible in Rk 
we have: 

Si'" = - 00^023“'=+^ - ... - Uq ^Ofc-is”^ + Op \ (2) 

for j = 1,2. If we multiply © with a suitable power of Si we can expand Sj " as a linear 
combination of s~'^~^'", for every n G N. Moreover, comparing (P and P, 

we can define an automorphism $ of Hk as Z-algebra, where 

Si i-t s“\ for i = 1 , 2 

Uj I—>■ —ag^ak-j, for j = 1 ,..., fc — 1 

Oq I—t Oq ^ 

We will prove now an easy lemma that plays an important role in the sequel. This lemma is 
in fact a generalization of lemma 2.1 of [Si- 

Lemma 2.1. For every m G Z, we have S 2 S™s^^ = sj"^s™si and s^^s™S 2 = 

Proof. By using the braid relation we have that (siS 2 )si(siS 2 )~^ = S 2 . Therefore, for every m G Z 
we have (siS 2 )s™(siS 2 )~^ = s™, that gives us the first equality. Similarly, we prove the second 
one. □ 

If we assume m of lemma o to be positive we have siS 2 s” = S 2 ®i ®2 and S 1 S 2 S 1 = ■S 2 S 1 S 2 j 
where n G N. Taking inverses, we also get and 

We call all the above relations the generalized braid relations. 

We denote by Ui the i?fc-subalgebra of Hk generated by Si (or equivalently by s“^) and by uf 
the group of units of Mi, where i = 1,2. We also set w := S 2 SiS 2 - Since the center of B 3 is the 
subgroup generated by the element z = sfcu (see, for example, theorem 1.24 of [lO]), for all x G mi 
and m G Z we have that xw™ = a;"*x. We will see later that uj plays an important role in the 
description of Hk. 

Let Wk be the quotient group Bg/{s^), /c = 2, 3,4 and 5. From a Coxeter’s theorem (see §10 in 
H) we know that Wk is finite. Let rk denote the order of Wk- Our goal now is to prove that Hk 
is a free i?/c-module of rank rk, a statement that holds for H 2 since W 2 = 63 is a Coxeter group 
(see [9], Lemma 4.4.3). For the remaining cases, we will use the following proposition. 

Proposition 2.2. Let fc G {3,4, 5}. If Hk is generated as a module over Rk by rk elements, then 
Hk is a free Rk-rnodule of rank r^. 

Proof. The algebras Hk are the generic Hecke algebras of the complex reflection groups 0 * 4 , Gg 
and Gi 6 , respectively in the sense of Broue, Malle and Rouquier (see a)- Hence, the result follows 
from theorem 4.24 in [3] or from proposition 2.4(1) in [16) . □ 

Therefore, we need to find a spanning set of Hk, A: = 3,4,5 of elements. However, for the 
cubic Hecke algebra Hg we have that H 3 = mi -I- miS2'Wi -I- uisf^ui + uiS2sf^S2 (see [TS], theorem 
3.2(3)) and, hence, Hg is spanned as a left Mi-module by 8 elements. Since ui is spanned by 3 
elements as i? 3 -module, we have that H 3 is spanned over R 3 by r 3 = 24 elements. 


3 The quartic Hecke algebra H 4 

Our ring of definition is i?4 = Z[a,b,c,d,d~^] and therefore, relation ([T]) becomes sf = aSi + 
bsf + csi + d, for z = 1 , 2 . We set 

U' = U1U2U1 + UiS 2 Sf^S 2 Ui + UiSf^SiSf^Ui + uisf^sf'^sf^ 

U = U' + UiS 2 Sf^S 2 Ui + U1S2S1S2U1. 

It is obvious that U is a, Mi-bimodule and that U' is a Mi-sub-bimodule of U. Before proving our 
main theorem Itheorem 13.311 we need a few preliminaries results. 


3 


Lemma 3 . 1 . For every m € h we have 

(i) S2S'^S2 S U. 

(ii) e U'. 

(Hi) £ U'. 

Proof. By using the relations m and © we can assume that m G {0,1,-1, —2}. Hence, we only 
have to prove (iii), since (i) and (ii) follow from the definition of U and U' and the braid relation. 
For (iii), we can assume that m G {—2,1}, since the case where m = — 1 is obvious by using the gen¬ 
eralized braid relations. We have: = s)"^(sis^^s)”^)s)”^s^^ = s)"^s^^s)"^(s 2 s)”^s^^) = 

The result then follows from {ii). For the element we expand as 

a linear combination of 1, S 2 , S 2 and by using the definition of U' and lemma I^TTl we only have 
to check that s^sis^^ G U' . Indeed, we have: s|sis^^ = S 2 (s 2 Sis^^) = (s 2 s)”^S 2 )si G U' . □ 

Proposition 3 . 2 . U2U1U2 C U. 

Proof. We need to prove that every element of the form belongs to U, for a,/ 3,7 G 

{—2,—1,0,1}. However, when a/Jy = 0 the result is obvious. Therefore, we can assume Q!,/ 3,7 G 
{—2, —1,1}. We have the following cases: 

• 0 = 1 : The cases where 7 G {—1,1} follow from lemmas [2T] and lOT i'l . Hence, we need to prove 
that S 2 sfs^^ G U. For /? = —1 we use lemma [2T] and we have S2sr^s^^ = ('S 2 s)”^s^^)s^^ = 

G U. For ,5 = 1 we expand as a linear combination of s^^,l,S 2 ,s| and the 
result follows from the cases where yGj—1,0,1} and the generalized braid relations. It remains 
to prove that S 2 s)”^s^^ G U. By expanding now sf'^ as a linear combination of s)”^,l,si,s{ 
we only need to prove that S 2 SiS^^ G U (the rest of the cases correspond to 6 = —1, 6 = 0 
and 6 = 1). We use lemma EH and we have: S2s{s^^ = (s2SiS^^)s^^ = sj"^S2(s2Sis^^) = 
sr^('S 2 s)”^S 2 )si G U. 

• a = —1 : Exactly as in the case where a = 1, we only have to prove that G U. For 

/3 = — 1 the result is obvious by using the generalized braid relations. For /3 = —2 we have: 
S 2 ^sf^S 2 ^ = {s 2 ^ 82 ) 82 ^ = 8182 ^( 82 ^ 80 ^ 82 ^) = si(s^^s)”^s^^)s)”^. However, by lemma 
l3.H iil we have that the element is inside U' and, hence, inside U . It remains to prove 

that s 0 ^ 8 i 80 ^ G U. For this purpose, we expand as a linear combination of 1 ,S 2 ,S 2 
and by the definition of U and lemma ET] we only need to prove that s^^sis| G U. Indeed, 
using lemma ET] again we have: s^^sis^ = (s^^SiS 2 )s 2 = Si(s 2 S)”^S 2 ) G U. 

• a = —2 : We can assume that 7 G {1,-2}, since the case where 7 = — I follows immediately 

from lemma EH)***)- Tor 7 = 1 we use lemma EH and we have s^^sfs 2 = s^^(s^^SiS 2 ) = 
(s^^siS 2 The latter is an element in U, as we proved in the case where a = —1. For 
7 = — 2 we only need to prove the cases where (3 = {—1,1}, since the case where /3 = — 2 fol¬ 
lows from the definition of U. We use the generalized braid relations and we have = 

(s 2 ^ ^■ Moreover, = si(s)"^s^^si)s^^ = si(s2sr^'5^^) 

The result follows from the case where a = 1, if we expand as a linear combination of 

S 2 1 and 82. □ 

We can now prove the main theorem of this section. 

Theorem 3 . 3 . 

(i) U = U1U2U1 + Ui8280^82Ui + -|- UlUJ + UlUJ~^ + UlU}~^. 

(it) Hi = U. 

Proof. 
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(i) We recall that oj = S2s1s2- We must prove that the RHS, which is by definition U' + uiuj + 

uiuj~'^, is equal to U. For this purpose we will “replace” inside the definition of U the elements 
S2Si'^S2 and with the elements w and modulo U' , by proving that S2S^^S2 G 

u^uj + U' and G uf + U'. 

For the element 828^^82, we expand as a linear combination of l,si,s^, where the 
coefficient of sf is invertible. The result then follows from the definition of U' and the braid 
relation. For the element we apply lemma 12.11 and the generalized braid rela¬ 
tions and we have: = 

s^^si(s^^sj”^s 2 )sj”^s^^sj"^ € 82 ^ 8 ^ 82 ^ 81^82 ^ui- We expand sf as a linear combination of 
si, 1 , s]”^, s]”^, where the coefficient of is invertible and by the generalized braid relations 
and the fact that we have that 

-2 -2 -2 ^ -1 -2 -2 -1 , -3 -2 -1 , -1-3-1 , X -2 

S 2 S 2 ^ ^2 ^ 1^2 ^2 ^2 ^2 U 2 .S 2 ^2 Ul H” Ui 

Therefore, by lemma 13.11 11) it is enough to prove that the elements and 

belong to U' . However, the latter is an element in U' , if we expand as a 
linear combination of s^^,s^^,l,S 2 and use lemma iTlT iii). the definition of U' and lemma 
12.11 Moreover, = s^^(s 2 Sis^^)a;“^ = s^^sj"^S 2 Sia;“^ = = 

G H', by lemma [XTT iiil . 

(ii) Since 1 G H, it will be sufficient to show that 17 is a left ideal of 1 / 4 . We know that [/ is a 
iti-sub-bimodule of H^. Therefore, we only need to prove that 82U C U. Since U is equal to 
the RHS of (i) we have that 


82U C 82U1U2U1 + S2U1S2S1 ^82Ui + 82U182 ^SlS 2 -I- 82U1OJ + 82U1UJ ^ + 82U1UJ 
However, S2UiZi2'ai + 82U1UJ + 82UiUI~^ + 82UiU!~^ = S2'aiU2Ml + 82UIU1 + 82UJ~^Ui + 82UJ~'^Ui = 

QQ 21 2211 

S2'aiU2Ui + S2SJS2U1 + 81 82 Ul + sj" 82 sj" 82 C U1U2U1U2U1. Furthermore, by using 
lemma IQ we have that 82U182 ^ = 8^ ^U2Si. Hence, S2U18281 ^S2Mi = (S2M1S2 ^S2'ai = 
sj"^U2(siS2®r^)®2Wi = 8i^U28i82Ui C U1U2U1U2U1. Moreover, by using [ 2 TT] again we have that 
(s2'aiS^^)siS^^Mi = sj"^U2SiS^^Mi C U1U2U1U2U1 . Therefore, 

82U1U2U1 + 82Ui828i^82Ui + S 2 UiS^^SiS^^Mi + 82U1UJ + 82UiUJ~^ + 82UiU!~‘^ C U1U2U1U2M1. 
The result follows directly from proposition [321 D 

Corollary 3.4. is a free Rn-module of rank r^ = 96. 

Proof. By proposition 12.21 it will be sufficient to show that Hi is generated as i?4-module by 
r4 = 96 elements. By theorem l 3 . 3 l and the fact that U1U2U1 = ui(i?4 -I- R4S2 + Risf^ + Ri82)ui = 
Ul + U182U1 + uisf^ui + U182U1 we have that Hi is generated as left ui-module by 24 elements. 
Since ui is generated by 4 elements as a ii4-module, we have that Hi is generated over Ri by 96 
elements. □ 


4 The quintic Hecke algebra 

Our ring of definition is R 5 = Z[a, 6 , c, d, e, e“^] and therefore, relation (|T]) becomes sf = 
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asf + 64 

+ cs1 + dsi + e, for i = 1, 2. We recall that oj = S 2 sfs 2 and we set 

U' = U1U2U1 + UlUl + UlUJ~^ + + MiS 2S1"^S2W1 + Misisi^iwi + + 

+MlS2Sl"^siMl + UlS2^sls2^Ul + MlSj ^SlSj + MlS2Sl“^S2Ml + UlS^'^ S 2 U 1 + Misisfsj ^rtl + 
+UlS2Si^S2Ul + UlS2^sls2^Ul + MlS^^SlSj ^Ml + 

U ^ U UlCJ -j- U\UJ “t“ U1S2 S1S2 S1S2 ^1 “t rtlS2S-^ S2S]^ S2U1 UxS2S^ 52^-^ 52^1“!“ 

I -12—22-2 

“r'UiS2 ^1^2 ^1^2 

[/'" = U” + nicj® + uxLO-^ 

U»» ^ [;/// ^^^-4 

17 = 17""+ wia;®+ M1U-®. 

It is obvious that 17 is a ui-bi-module and that U',U",U"' and U'"' are ui— sub-bi-modules 
of U. Again, our goal is to prove that = U Itheorem 14.101) . As we explained in the proof 
of theorem 13.31 since 1 £ U and siU C U (by the definition of U), it is enough to prove that 
S2U CU. We notice that 

5 

U = 7 uiLO^’^ + U1U2U1 -I- Ml “some elements of length 3”ui -I- mi “some elements of length 5 ”mi . 

'-«-' '-«-' 

K-l 

By the definition of U' and U" we have that miw^^ C U' and miw^^ C U" . Therefore, in order to 
prove that S 2 U C 17 we only need to prove that S 2 UiUj^^ {k = 3,4,5), S 2 U' and S 2 U" are subsets 
oiU. 

The rest of this section is devoted to this proof (see proposition |T6l lemma iTSl lil. proposition 
I4.8l il. (ii) and theorem l4.10l) . The reason we define also U"' and U"" is because, in order to prove 
that S 2 UiUj^ and S 2 Uilo~^ (fc = 3,4, 5) are subsets of U, we want to “replace” inside the definition 
of U the elements w* and uj~^ by some other elements modulo 17", U'" and 17"", respectively (see 
lemmas WRwm and HU). 

Recalling that $ is the automorphism of as defined in section [2l we have the following 
lemma: 

Lemma 4 . 1 . The ui-bi-modules U',U",U'",U"" and U are stable under 
Proof. We notice that 17', 17", C/'", U"" and U are of the form 

MiS^^SlS^^Mi -I- MiS^^SiS^^Mi -I- MiCTMi + MiCr“^Mi, 

for some a £ B 3 satisfying = 4 >(ct) and a = $((T“^). Therefore, we restrict ourselves to 
proving that the elements 4>(s^^sis^^) = s|s7^S2 and $(s^^sis^^) = 5257^^2 belong to 17'. We 
expand s| as a linear combination of S 2 ,1, and and by the definition of 17' and lemma 

o we have to prove that the elements S 2 ®i and S 2 S]^ ^S 2 are elements in 17', for k = —3, —2. 
Indeed, by using lemma [2T] we have: s§sr^S 2 = S9''"^(s7^s7^S2) = (s9^^sis7^)s7^ G U' and 
5257^5^ = ( 5257 ^ 5744 +^ = s74s7isiS^+4 e 17'. □ 

From now on, we will use lemma o without mentioning it. 

Proposition 4 . 2 . U2U1U2 C U'. 

Proof. We have to prove that every element of the form s^s^s^ belongs to U' , for a,f 3 ,^ £ 
{—2,—1,0,1,2}. However, when afi'y = 0 the result is obvious. Therefore, we can assume that 
a, 13,^ £ {—2,—1,1,2}. We continue the proof as in the proof of proposition 13.21 which is by 
distinguishing cases for a. However, by using lemma ITTI we can assume that a £ {1,2}. We have: 

• 0 = 1 : 
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— 7 G{ —1,1}: The result follows from lemma [131 the braid relation and the definition of U'. 

— 7 = —2: S 2 sfs^^ = (s 2 sfs^^)s^^ = s^^(s 2 Sis^^)- For /3 G {1,-1,—2} the result follows 

from lemma I^T] and the definition of U'. For /3 = 2, we have = sj"^S 2 (s 2 Sis^^) = 

^(s 2 Si ^S 2 )si G U'. 

— 7 = 2: We need to prove that the element S 2 sfsf is inside U'. For /3 G {—2,1} the result 
is obvious by using the definition of U' an d the generalized braid relations. For /3 = —1 we 

have S 2 S]"^s| = G . For /3 = 2 we have S 2 s\s 2 = sj"^(siS 2 Si)s 2 = 

sj“^S 2 (s 2 SiS 2 ) = s]"^(s 2 sfs 2 )si. The result then follows from the case where 7 = 1, if we 
expand sf as a linear combination of s\, si, 1 , sj"^, sj"^. 

• g = 2 : 

— 7 = — 1 : = S 2 (s 2 SiS^^) = (s 2 sr^' 52 )' 5 i ^ (casc where a = 1 ). 

— 7 = 2: We only have to prove the cases where /3 G {—1,1}, since the cases where (3 G {2,-2} 

follow from the definition of U'. We have s|sis| = (sisiS 2 )s 2 = siw G U'. Moreover, 
® 2 ®r ^®2 = s]"^(siS 2 S^^)s 2 = ■sj”^$(s 2 s]"^s^^). The result follows from the case where a = 1 
and lemma mi if we expand S 2 ^ as a linear combination of S 2 52 1 , S 2 , sf. 

— 7 = 1 : We have to check the cases where /3 G {—2,—1,2}, since the case where /3 = 1 is a direct 

result from the generalized braid relations. However, = $(s 2 ^siS 2 G $([/') 

Hence, it remains to prove the cases where /3 G {—2,2}. We have = S 2 ( 5 ^^ 5 r^ 52 ) = 

si(sj"^s 2 si)s^^s|j"^ = si(s 2 SiS^^)s^^. The latter is an element in C/', if we expand sf and 
S 2 as linear combinations of sf, si, 1 , sj” , sj” and , 1 , S 2 , S 2 , respectively and use the 

case where a = 1. Moreover, S 25 iS 2 = S 25 i( 5 iS 2 Si)sj"^ = (s 2 SiS 2 )siS 2 s 7 ^ = Si(s 2 sfs 2 )si. 
The result follows again from the case where a = 1, if we expand sf as a linear combination 
of ^ 5 ]^ 

— 7 = —2: We need to prove that G U'. For (3 = 2 the result follows from the definition 

of U'. For [3 G {1,-1} we have: s^sis^^ = s|(sis^^sj"^)si = (s 2 sr^ 52 )si G U'. = 

S 2 (s 2 Si^S 2 ^)s 2 ^ = (s 2 S^^)si5?5^^) S U'. It remains to prove the case 
where (3 = —2. We recall that w = S 2 sfs 2 and we have: = sj"^{sis|sj"^)sj"^s^^ = 

= sj"^s^^sj"^(s 2 sf(s^^sj"^s|)si. The result 
follows from the definition of [/'. □ 

From now on, in order to make it easier for the reader to follow the calculations, we will 
underline the elements belonging to U 1 U 2 U 1 U 2 U 1 and we will use immediately the fact that these 
elements belong to U' (see proposition 14.2|1 . 

Lemma 4.3. 

(i) S 2 U 1 S 2 U 1 S 2 U 1 C +U 1 U 2 U 1 M 2 M 1 C U". 

(ii) S 2 a;^Mi = SiS 2 sfs 2 sfS 2 W 1 C U". 


Proof. We recall that w = S 2 SiS 2 - 

(i) The fact that + M 1 M 2 W 1 M 2 M 1 C U" follows directly from the definition of U" and 

proposition 14.21 For the rest of the proof, we use the definition of ui and we have that 
S 2 W 1 S 2 M 1 S 2 MI = S2'UlS2(l?5 +.R5Sr^ +i?5Sl + i?5Sl + .R5Sl)s2'Ul C S2WlS2'*^l + S 2 UlS 2 S(”^S 2 Ml + 
S 2 Wi(s 2 SiS 2 )ui + 52 ^ 10 ; + 52^1 S 2 S 152 ^ 1 . However, 52^101 = S 2 a;Mi and S 2 UiS 2 S(”^S 2 Wi = 
S 2 Wi(siS 2 sj"^)s 2 Mi = (s 2 Ui)sis^ui = s("^M 2 s{s|zii. Therefore, it is enough to prove that 
S 2 M 1 S 2 S 1 S 2 U 1 C uP'Ui + U 1 U 2 U 1 U 2 U 1 . For this purpose, we use again the definition of Ui and 
we have: 
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S2U1S2S1S2U1 C S 2 (-R 5 + ^SSl + +-R 5 Si)s 2 SiS 2 Wi 

C S2S1S2U1 + S 2 (S 1 S 2 SJ)S 2 U 1 + S 2 (s^'^S 2 Sl)SlS 2 Ul + UJsfs 2 Ul + S 2 sf (siS 2 S?)S 2 Ul 
C S2Sl(S2^sfs2)ui + Sia;S2«l + S2Slsi(s2Slsi)Ml + U1U2U1U2U1 
C CJ ui + U1U2U1U2U1. 

(ii) We have that 52^^ = si(sj"^S2Si)(siS2Si)sj"^CLi = siS2sf (sj"^S2Si)s^^a; = siS2sfs2Sis^^s^^a; = 
siS2sfs2SiS2^^Si^ = siS2sfs2sfs2Si^. Therefore, 52^^141 C uiS2'MiS2UiS2Mi- The fact that 
itiS2UiS2MiS2Ui C U" follows immediately from (i). □ 

Proposition 4.4. 

(i) U2 UiS2 ^ SiS2^ C UiU}~^ + i? 5 S^^sf + U1U2U1U2U1 C U". 

(ii) U 2 UiS 2 S 0 ^S 2 C UiUj"^ + i? 5 S 2 S]"^S 2 S]"^S 2 + U1M2W1U2MI C U". 


Proof. We restrict ourselves to proving (i), since (ii) follows from (i) by applying $ (see lemma 
SH). By the definition of U" and by proposition 14.21 we have that uiio ^ + R5S2 ^sfs2 ^SiS2 ^ + 
U1U2U1U2U1 C U". Therefore, it remains to prove that M2 Mis^^sis^^ C r 4 ia;“^+i? 5 s^^sfs^^sis^^ + 

U1U2U1U2U1. 

By he definition of ui we have that U2 Mis^^sis^^ = M2(i?5 + R5S1 + + Rssf^ + 

i?5Si)s^^SiS^^ C M2SiS^^+U2SiS^^SiS^^+lt2(s(”^S^^Sl)s^^+1i2S("^S^^SlS^^+M2S2S^^SlS^^. We 
notice that M2 Sis^^sis^^ = M2(s2Sis^^)sis^^ = M2s("^(s2sfs^^). Therefore, we only have to prove 
and U2sfare subsets of uiw“^ + i?5s^^sfs^^sis^^ + U1U2U1U2U1. 

C (-R5 “t“ R5S2 R5S2 T R5S2 “t“ ^2 ^ 14’2 

CZ R^S^ $2 4 ?iS 2 T-R 5 (S 2 S]^ S2 )® 14>2 T-R5CJ 4 ?lS 2 “t“-H5S2 ( 525 j S2 ) 4 ’lS 2 ~t 

+-R 5 S 2 (S 2 S^ S2 ) 4 ’ 14’2 

C R 5 SiU~^ $ 2 ^ + -R 5 (S 2 Si"^S 2 ^)®2 + -R 5 S 2 (S 2 Si”^S 2 Sj ^ + U1U2U1U2U1 

C 7 ? 5 S]"^S^^SiSj^sfs^^ + i?5(s2Sl”^Sj^)siS^^SiSj^ + U1U2U1U2U1 
C 4 >(ui 321415211132 ) +UiM2WiM2M1- 


that U2S1 S2 S1S2 

We have: 

-2 -1 -1 

U2S^ S2 S1S2 


However, by lemma IdTST i) we have that $(i4iS2UiS2'44iS2) C $(a;^i4i + U1U2U1U2U1) = uj~'^ui + 
U1U2U1U2U1. Therefore, i42sj"^s^^sis^^ C u!~'^ui + U1U2U1U2U1. By using analogous calculations, 
we have: 

'U2S-1S2 S1S2 C (-R5 “t" R5S2 R5S2 R5S2 “t“ Rs^2 )^ 1^2 ^ 1^2 

C R5S-1S2 S1S2 T-R 5 ( 323 i 32 )' 5 i 32 + 7^532 l’l(l’l ^2 ^l )^2 T 7 ? 532 ( 323 i 32 ) 3 l 32 “t“ 

-\-TI,^S2 ^1^2 ^ 1^2 

C -R 5 (S 2 ^Si 32 )si "^32 ^ + -R 5 S 23 j"^ 32 Si 3 ^^ + i ?532 ^SiSj^ 3 l 3 ^^ + U1U2U1U2U1. 

It is enough to prove that S2si”^®2'®i®^^ ^ U1U2U1U2U1. Indeed, we have: S2sf^S2sfs2^ = 
S| (5i52'^i )'^2('^2^i 4’2 ) ~ *^2 ('^l'^2^1 )^2^1’ 

□ 


We can now prove a lemma that helps us to “replace” inside the definition of U'” the element 
with the element S2Sis|sfs| modulo U”. 

Lemma 4.5. S2SiS2®l®2 ^ 14iS2UlS2SiS2Ul+Uis|sf S2Sr^'®2'*^l+'*^1^2UlW2UlC uf + 


Proof. The fact that uiS2i4iS2SiS2t4i + uiS2SiS2s("^S2Ui + U1U2U1U2U1 + ufuj^ is a subset of 
14 ^ 0 ;^ + U" follows from lemma I 4 . 3 I H and propositions I 4 . 4 l ii) and 14.21 For the rest of the 
proof, we have: S2S1S2S1S2 = S2Si(siS2s)”^)si(sis|s("^)si = S2SiS^^a;sfs^^si(sis2s)”^)si = 
S2SiS^^SiWS^^SiS^^(siS2s)”^)sf = S2SiS^^sf S2sf s^^SiS2sf = S2sf s^^u;sf 83 ^SiS2sf. However, 
u;sfs2^ = = sf(s2SiS^^) = and, hence, S2SiS2'SiS2 = S2sfs^^SiS2'SiS2Si- 

Our goal now is to prove that the element S2sfs^^SiS2'Si'S2Si is inside uiS2i4iS2SiS2Ui + 
i4iS2SiS2sj"^S2Ui + U1U2U1U2U1 + u(uj^. For this purpose we expand as a linear combi¬ 
nation of , I, S2 and s|, where the coefficient of s\ is invertible, and we have that 
















S2SiS^^SlS2®l®2sf € S2sfs2^sfs2sfs2Ui + S2sfs|s^S2Ul + S2sfs|sfs2Ul + S2U!^Ui + wfW^. 
However, by lemma HTSf ij) we have that S2W^ui C uiS2UiS2sfs2Ui. Moreover, S2sts2'Si'S2Wi = 

S2Si(sr^®2®i)(®i'^2Si)Mi C rtiS2UiS2S?S2Wi. It remains to prove that the elements S2SiS^^SiS2®i®2 

and S2 S^s^^s^S 2S^S2 are inside MiS2UiS2sfS2U1 + uis^sfS2sj”^S2Mi +M1U2M1U2W1. 

On one hand, we have S2sfs2^sfs2sfs2 = S2sf(sj"^s^^si)siS2a; = S2sfs2sj”^(sj”^s^^si)s2W = 
S2SiS2('S^^sr^'®2)sr^'^ = S2sfS2Sis^^s]"^a; = S2sfs^sis^^ws^^ = S2sfs|sfS2sj”^, meaning that 
the element S2SiS^^SiS2'Si'S2 is inside S2SiS2^i'S2Wi. On the other hand, S2SiS^^SiS2'SiS2 = 
S 2 Si(' 5 ^^'sf52)02 = S2sfs2s)"^o; = S2sfs|o;s)"^ = 525^525^525)”^ and, if we expand 52 as a linear 
combination of 5 ^, 52, 1 , 5 ^^ and we have that 525 ^ 525 ^ 525 )”^ € S2sfs2sfs2Ui + S2sfa;ui + 
52 sfs 2 Ml + (s 25 fs^^) 5 i 52 Ul + (S 25 f 5 ^^)(s^^ 5 f 52 )ui C 525 ^ 5 ^ Wi 52 Ml + 520 ^ + M1M2M1M2MI, mean¬ 
ing that the element 525 ^ 5 ^^ 5 ^ 515^52 is inside 525 f 5 fuiS 2 Mi + U1U2U1U2U1. As a result, in order 
to finish the proof, it will be sufficient to show that 525 f 52 Mi 52 Ui is a subset of ui 52 Mi 525 f 52 iti -I- 
Mi 5 f 5 f 525 )”^ 52 Ui -|-MiM2Uiit2Ui • Indeed, we have: 

525 iS 2 UlS 2 tri C S 25 jS 2 (A 5 Si - 1 - -R5S1 i?5 -)- R^Si ^ R^S-^ ^}S2Ul 

C S2S1S2S1S2MI -f S2S1 (s2SiS2)«1 + 52 sjs 2 m + S2si{siS2Si ^)S2Ul -|- S2Si(siS2Sj ^)Sj^ ^S2M1 
C S2st(s)”^sisi)(siS2Sl)«l -I- (S2sfs^^)SisiMl (S2S?S2 ^)SiS2S)”^S2Ul -|- U1U2U1U2U1 
C aiS 2 aiS 25 iS 2 'Ul -t- aiS 25 fs 2 S]^ ^S2Ul UlU2UlU2Ul- 

□ 

Proposition 4.6. 

(i) S2U1U2U1U2 C 
(ii) S2^UiU2UiU2 C U'". 

Proof. By lemma 031 we only have to prove (i), since (ii) is a consequence of (i) up to applying 
$. We know that U2U1U2 C U' (proposition 03 ]) hence it is enough to prove that S2U' C U'". Set 

V = U1U2U1 + CJUl + UJ~^Ul + UlSf^sfsf^Ul + UlSf^SlSf^Ul + UlS2Sf^S2Ul + UlSf^SlSf^Ulp 
,-12-2, -1 -2 , -2 , -2 -2 -2 , -2-22 
-I-W1S2 S1S2 Ml-|-aiS2 S1S2 Ml-|-UlS2S]^ 52^1 -f M1S2 Sj^ S2 Ul -|-11152 S]^ S2U1. 

We notice that 

U' = V + UiS2Sf^S2Ul + UiS2Sf^S2Ui -f UiS^sfs^Ui -f -|- Uis'^sfsf'^Ui. 

Therefore, in order to prove that 52C/' C U"', we will prove first that 52H C U'" and then we will 
check the other five cases separately. We have: 

S2H C S2U1U2U1 + 52iattl -|- 5201 ^Ul + (5211159 ^)uiU2Ul "f S2Ul$2UlS2 + 5211159 ^SiSq 

I —2 —2 —2 I —2 — 2 2 I T t/// 

-|- 52 ai 52 5 ]^ 52 111 + S2U1S2 5 ]^ S2U1 + U 

However, by proposition I 4 . 31 il we have that S2U1S2U1S2 C U" C U"'. It remains to prove that 
A := S2Uisf‘^sisf^ + S2Uisf^sf^ui + 52iii5^^5)”^5|iii is a subset of U”'. We have: 

A -2 -1 , -2 -2 -2 , -2-22 

A = S2U1S2 S1S2 "T 52IIIS2 5 ]^ 52 111 5211152 5 ]^ S2III 

= (52II1S2 ^)52 ^ 5 i 52 ^lll + (S 2 lll 52 ^)s^^S)”^S^^lli -|- ( 52 lllS^'^)s^^ 5 )"^ 5 iai 

= 5 )"^ 112 (si 5 j^ 5 )”^) 5 i 5^^111 -I- S)”^ 112 (S 1 S^'^ 5 )”^) 5 )”^ 5^^111 -|- s)”^ 1125 l ( 5 ^^ 5 )”^S 2 )S 2 lll 

= 5 )”^ 1 l 2 S)”^( 525 f 52 ^)mi -f S)”^W 2 5 )”^ (S 2 S)”^ 5 ^^ )52 ^Wl + Sf^U2sls2^{sf^Sf^S2)ui 

C Ill(ll 2 lll 5 ^^ 5 l 5 ^^)lll. 

By proposition 14.41 we have then A C U'" and, hence, we proved that 

52H C U'" ( 3 ) 

In order to finish the proof that S2U' C U", it will be sufficient to prove that uiS2sf^S2Ui, 
iii 5 f 5 )”^ 5 fiii, U1S2S1S2U1, Uisf'^SiSf'^Ui and Miafaf5^^111 are subsets of U'". 
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Cl. We will prove that S2U1S2S1 C U'". We expand s\ as a linear combination of S2, 1 ^2 
$2 and and we have that S2UiS2sj” C S2WiS2sj" S2'ai+ S2MiS2'»i +S2^i(s2'Sr )mi + 
S2Mi(s2Sj"^s^^)s^^Mi+ S2MiS2sj"^s^^ui C S2MiS2sj"^s^^ui + S2C +C"' and, hence, by relation 
([ 3 ]) we have that S2MiS2sr^®2^i C S2MiS2sr^®^^^i + U'"■ Therefore, it will be sufficient to 
prove that S2MiS2Sj"^s^^ui C U'". We use the definition of ui and we have: 

S2U1S2SJ ^^2 ^ 52(1^5 + R^Sl + FI5S1 ^ + R,^s\ + f? 5 Si)S 2 Sj S2 ^Ul 

C si®! ^'52 “f (S2SlS2)Si ^§2 + S2S1 ^S2Sj + taSj ^82 ^'111 + 

-q_q- 

+S2S1S2S1 S2 Ul 


C S]^ ^(siS2Sj ^)s2Si ^Ml + Sj + S2sf (siS2S]^ *^82 ^Ul + U"' 

CZ 8]^ 82 (81828]^ )8]^ 82 Ul “t" (828182 )8 iS28]^ 82 Ul + U 
d 8]^ 82 81(828^ 82 )^2 ~f ^1 ^281(81828]^ (82 Ul “1“ C 

C 8j"^82 ^(82818^^)8182 ^Ml + 8C^82(82 Si 82 ^)si8^^Ul + U'" 

C 8C^S2 ^8C^(828iS 2 ^)S2 ^Ml + 8C^828C^ (828183 ^)8^^Ul + U'" 

C 8C^8^®8C^82(82Si82 ^)mi + 8C^828C^82(S2Sl82 ^)ui + U'" 

C Mi(U2UiS28C^82)ui + t/'". 


The result follows from proposition 14 . 4 l ii). 


C 2 . We will prove that S2U1S2S1 ^82^1 C U'". For this purpose, we expand ui as i?5 + R^si + 
i?5sf + R^s\ + i?5s)”^ and we have that S2WiS2sj"^S2Ui C s^Si^s^ui + (s2SiS2)8i"^®2^i + 
S2sfs2s)”^S2Mi + S2 SiS2s)”^S2'*^i + S2s)"^S2s)"^S2Mi. By the definition of U”' we have that 
82 s)"^S2s)”^S2Mi C U'". Therefore, it remains to prove that S2sfs|s)”^S2^i + S2SiS2'Sr^'S2^i C 
U"'. We notice that 


42—22 I 22—22 

8281828-^ 82U\ + S 2 <SiS 252 82U\ 


C S2S?(8i8|8j ^)8j^ ^siui + 01(8285^ ^83 ^)S2Ul 
C (S28i8^^)8l(8l82SC^)8iui + U;8C^(8l82 ^8C^)8f82Ul 
CZ 8^ 838182 8182U1 -\- 8j Ca82 8^ 828182U1 


Therefore, we have to prove that the element S2S1S2 is inside U"'. For this purpose, we 
expand 82 as a linear combination of s|, 82> 1 and 8^^ and we have: 

828183 ^8182 ^ 7 ? 5828 i (8]^ ^83 ^81)82 + 4258281 (83 ^8182) + 425828183 ^ + 425828183 ^8183 ^ + 

+ 4258 C^( 8 lsi 8 C^) 8 l( 828 iSj^)si 82 ^ 

^ U2Ui 828^ 82 “t“ U2U1S2 8183 Ul U1S2 81838182 “t“ U 


However, by proposition 14.41 we have that U2UiS2Si^ S2 and U2Uis^^sis^^ are subsets of U'". 
Therefore, we only need to prove that the element is inside U"'. We expand 

as a linear combination of s\, S2^ 1 and and we have that G $(s2fo) + 

s^^(sfs2Si)sis^^ + 4 >(s2UiS2s(”^s|) + 4?5S^^SiS^^SiS^^. However, by the definition of U'" we 
have that G U'”. Moreover, by relation ([ 3 ]) and by the previous case (case Cl) 

[^)T] 

we have that $(s2C) + <i)(s2UiS2s)”^S2) C $({ 7 '") C U'". 


C 3 . We will prove that S2Uis|sfs2 C U'". For this purpose, we expand ui as 4?5 + 4?5Si + 
+ R5S1 + R5S1 and we have S2U1S2S1S2 C s^sf s^ui + (528182)^182^1 + S2S'^^S2s\s^ui + 
828i828iS2Ui+S28fs|sf8|. However, be lemma l 4 . 5 l we have that 8281828^82 C Uiuj^+U" C U'". 


Therefore, it remains to prove that 8281 ^8|8 i82Mi + 8281828182U1 C U'". We have: 

8281 828182U1 G S281828182U1 = 83(83 81 82)828iS2Ui + 8i SlCO 82 

2 / —1 -1 \ 2 2 I -12 

— S 2 ^l (^2 ^1 82)8i82U1 H" ^ 5 i 52 

2 2 / —1 \ 1—1 222 / \ 

= <5251(52 SiS 2)521^1 + 5i S 2 S 1 S2 5i (S 2 S 1 S 2 ) 

C U2UiS28C^S2Ul + Ul828i8|8?S2Ui. 


By lemma lT 4 f ii) it will be sufficient to prove that 8281828^82 G U"'. We expand 82 as a linear 
combination of 83, 82, 1 and and we have: 

8281838182 G R5UJ + 4458281 (838182) G 445828183 G 4458281 (818381 )82 G 44582818381 82 
G 445(828183 )8i82 G 44581 (818281)8381 82 G C 
G Ui82(8i828i ^)8i 82 G C 
G UiU2Ui828C^82Ui G t/'". 

The result follows from proposition 14 . 4 ( 11 ). 
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C 4 . We will prove that S2 Uis^^SiS^^mi C U'". Since S2 MiS^^SiS^^ui = (s2Uis^^)s^^SiS^^ui = 
sj"^it2Sis^^sfs^^ui, it will be sufficient to prove that M2Sis^^sfs^^ C U'". We expand 
U2 as i?5 + R5S2 + R5S2^ + R5S2 + R5S2 and we have: U2Sis^^sfs^^ C i?5SiS^^sf + 
-R5(s2SlS^^)sfs^^ + d)(MiS2UiS2S^^S2) + + -Kss^sis^^s^s^^. By the first 


case (case Cl) we have that $(ziiS 2 WiS 2 sj""^s|) C mi$({7"')ui C U'”. It remains to prove 
that the elements s|sis^^sfs^^ and are inside U'". We have: = 

S 2 (s 2 SlS^^)sfs^^ = S 2 S)“^(s 2 SlS^^)s^^ = S 2 S)”^s|(s 2 SiS^^) = s)"^ (si S 2 S)"^ )s)"^ ^ S2S1 = 

'5r^'5^^('5i'52s)”^)s2sj"^S2Si = s)”^s^^(siS 2 s)”^)s 2 Si- By using analogous calculations we have 

Q _ 1 o _ 2 2 / _ 1 \ / _ 2 _ 1 \ 2 _ 2 / 2 \ _ 1 _ 2 2 _ 2 2 _ 1 

S2S1S2 SJS2 = S 2 (S 2 SiS 2 )Si(SiS 2 Sj^ )Si = S^'^l (SlS 2 Sj)S 2 Sj^ S2S1 G S2U1. 

We expand s)”^ as a linear combination of s)”^, 1, Si, s\ and and we have: 


2 — 22—1 
S2S1 8281^ 82 


G R5S28^ 8281 82 + R58281 82 G 1 ^ 5 S 2 (s 2 SiS 2 )S]^ 82 + -^ 552 ^ 1 ^ 2^1 ^2 + 
+ i? 5 S 2 ^fs 2 ^j^ 82 

G 11552(52 ^5]^ ^52)525]^ ^S2 + 11552 51 (si525]^ ^)52 + ll5525i (siS25i ^)52 + U 
G Il5525l(s2 5^ 52)5^^ 52 G 11552(525152 )5iS2 G 11552 (525^52 ^8182 U 
G 115525]^(S2 5^ S2) G 115525-^ 525^52 G R5828-^ 828182 G U 


Therefore, it remains to prove that B := ll5S2s("^S2sf G l?5S2s("^S2sf C U'". We expand 
sf as a linear combination of s\, si, 1 s(”^ and s)”^ and we have that B C l?5S2s("^S2(l?5sf G 
UsSi G Us G R^Si^ G l?5sC^)s| G ll5S2sC^s|(ll5sf G UsSi G Us G R^s^^ G l?5sC^)s2. By cases 
Cl, C 2 and C 3 we have: 


B C 115525^ ^LJ82 G 115525^ ^(52516^) + Rs828i + II5S251 ^525^ ^8^ G ll5525i ^(5i5l52)52 G 
Gll552S]^ S2 G 115525^ ^5^5^ ^52 G U 
C ll5S2iaSj 82 G R5828-^ 828^ 82 G 115525^ 525^ S2 G C 

C 112111525^ 82 G 11552(52 5]^ 52)5^^ 52 G 115525^ (51525^^ )S2 G U 

ITU 

cl 1155251(52 5^ 52)52 G 115(525^^ 82 )5iS 2 G 11 
C Il5sis?5^^(s2 ^Sj"^S2) G C'" 

C UiU2Ui82^8i82^ + U'". 

The result follows from proposition 14 . 41 111 . 


C 5 . We will prove that S2 UiS2SiS^^mi C U'". For this purpose, we use straight-forward calcula¬ 
tions and we have S2WiS2sfs^^ = (s2Wis^^)s2(s2SiS^^)s^^ = s)"^u2(sis2s)”^)s2(s2sis^^) = 
S)"^M 2 Si(sis|s)"^)S 2 Si = S)"^U 2 (S 2 Sl ^ )Si S2S1 = s)”^ (siM 2 Sr^ )'S 2 sf S2S1 = S)”^S^ ^ Ul S^sf S2S1, 
meaning that S2UiS2sf C uis^^Mis|sfs|ui. Hence, we have to prove that s^^uis^sfs^ C 
U"'. For this purpose, we expand sf as a linear combination of sf, si, 1 s)"^ and s)”^ and we 
have that s^^Mis|sfs| C <i)(s2l^Gs2Mis^^sfs^^)Gs^^uis|siS2Gs^^uiS2s)”^S2. By relation ([ 3 ]) 

[TIT] 

and case C 4 we have that <i)(s2l^GS2UiS^^S2'S^^) 4 >( 17 '") (i U'". Moreover, s^^uis^sisl = 

s^^mi(s|siS2)s 2 = s^^uiw = It remains to prove that C U'". We 

have: Uis\s'^^ S2 = (s^^MiS2)s 2S)”^S2 = SlW2(sj"^S2Si)s)”^S2 = SlM2Sl(s^^sj"^S2)s2 C 

miU2Uis^^sis^^mi. The result follows from proposition 14 . 41 11 . □ 

From now on we will double-underline the elements of the form mis^miU2UiU2Ui and we will 
use the fact that they are elements of U'" fproposition 14 . 61 ) without mentioning it. 

We can now prove the following lemma that helps us to “replace” inside the definition of U"" 
the element by the element s^^sfs^SiS^ modulo U'". 

Lemma 4 . 7 . S2 ^Sisfsfsf S G G uiS2itiM2MiM2Ui C U"". 


Proof. In this proof we will double-underline only the elements of the form U1S2U1U2U1U2U1 (and 
not of the form Mis^^ttiU2UiU2Ui ). The fact that uiw^ G G U1S2U1U2U1U2U1 is a subset of 
U"" follows from the definition of U"" and proposition 14.61 As a result, we restrict ourselves to 


II 













proving that S 2 G + rtf + U 1 S 2 U 1 U 2 U 1 U 2 U 1 . We first notice that 


-2 2 2 3„2 _ 
■’2 S1S2S1S2 — 


€ 


Sl(Si ^■Sl )«2 ^(S 2 SlS 2 )S 2 Sl(siS 2 Sl ^)Si ^S? 

-2 -3 2 -1 / - 1 \ 2 

S1S2S1 S2 S1OJS1S2 Si[SlS 2 Si JSi 

SlS 2 S^^S 2 ^Si(S 2 SiS 2 ^)siS 2 sf 

SiS 2 S]~^S 2 ^' 5 l® 2 'SlS 2 sf 

_2 _3 232 

UlS 2 ^l ^2 ^ 2 .^ 2 ^ 1 ^ 2 y'l- 


We expand S2 ^ as a linear combination of S2^, S2 1 , S2 and S2, where the coefficient of is 
invertible, and we have: 


S 2 S]^ ^S 2 ^SiS 2 SiS 2 


-R5S2S1 ^^2 ^•SiS2SiS 2 + -R5S2S1 ^S2 ^SlS2SlS2 + -R5S2S2S1S2 + 

+-/? 5 S 2 Sj^ S 2 SiS 2 ^lS 2 + S 2 S^ S 2 SiS 2 SiS 2 'U^ . 


However, we notice that S2S1 ^S2 ^sfs2sfs2 = S2S1 ^£2 ^si)siS2sfs2 = S2S2 ^s|a; ^SiS2SiS2 = 
S 2 Sr^S 2 Sia;“^S 2 SlS 2 = S 2 S]"^S 2 Si(s^^Sj”^S 2 )a; = S 2 S]"^S 2 sf s^^ws]"^ = S 2 S]"^S 2 sf S 2 )sj”^. 

Moreover, we have S2s|j"^s^^sfs^sfS2 = S2si”^('®^^'®i'®2)s2SiS2 = S2S|j"^s|(s|j”^S2Si)s2(s^^SiS2) = 
S 2 Sj~^S 2 (sjs 2 Sl)sr^ - ^iso have S 2 Sj~^S 2 SlS 2 SlS 2 = S 2 S^^(siS 2 sf)s 2 sfs 2 = S 2 S]"^S 2 (s 2 SiS 2 )SiS 2 G 
S2sr^(®2UiS2MiS2Ui). However, by lemmaif we have that S2sr^(®2i''iS2WiS2'ai) C S 2 sr^(‘^^'^i + 
U1U2U1U2U1) C S2U’^Ui+UiS2UiU2UiU2Ui. Bv lemma ld.dl iil we also have s^uj^ui C U1S2U1U2U1U2U1. 
It remains to prove that S2S^^S2SiS2SiS2 G uiu)^ + rtf + U1S2U1U2U1U2U1. We have: 

S2S^ S 2 S]^S 2 ^ 1^2 ~ '^ 2 (—dc — C6 — 6 bs\ — 6 QSi “t 6 S]^)S 2 ^ 1 ^ 2 ^ 1^2 

G 1 ^ 5823 -^ S2S1S2S1S2 + + -R5 (52S1 S 2 )^ 1 ^ 2 ^ 1 ^ 2 rtl + -R 5 S 2 SiS 2 SlS 2 ^l 52 G 

+r£^ S 2 Si$ 2 Si$ 2 UJ. 


We first notice that we have S2S1 ^S2sfs2sfs2 = S2(si ^S2Si)siS2SiS2 = S2sf(s2 ^siS2)s2SiS2 = 
Si(sj"^S 2 Sl)SlS 2 (s]"^S 2 Sl)(siS 2 Sl)sr^ = Si S2S1 sf S 2 )s 2 Sl S 2 Sr^ = SlS 2 S?S 2 (s^^ S^^ S2) (sf S2S1 )s]"^. 

Moreover, we have that S2sfs2sfs2 = si(sj”^S2Si)siS2sfs2 = siS2sf(s^^sis2)s|si(sis2si)sj”^ = 
sis2sfs2(s]"^s2si)s2sis2sj”^. Using analogous calculations, we also have that S2SiS2sfs^sfS2 = 

Sr^(siS2sf)s2sfs2SiS2 = S]"^S2(s2SiS2)SiS2SiS2 = S]"^S2sf (siS2Si)s2sf S 2 = S ^ S 2 S 1 S 2 (S2 Si s|)sf S 2 G 
Mia;(s2MiS2UiS2Mi). However, by lemma iHST il we have that uiUj{s2UiS2UiS2Ui) C Mia;(a;^Mi + 

U1U2U1U2U1) C UlLO^ + U1UJU2U1U2U1 . 

In order to finish the proof, it remains to prove that S2Sis|sis|a; G uf + U1S2M1U2M1U2U1. 
We use lemma 14.51 and we have: 


S2S?sis?sia; G 
G 
G 
G 
G 



G 


rtf («lS 2 UlS 2 SiS 2 + MlS 2 SiS 2 Sj"^S 2 + U\U2UlU2Ul + uf 
uiS 2 MiS 2 st(sj"^sisi)siS 2 + MisisiS 2 (sf^S 2 Si)sj"^a; + nf a;'* 
uiS 2 MiS 2 sts 2 sf(s^'^siS 2 ) + MisisfsisiSj + u^uj'*‘ 

UlS2UlS2sfs2SiS2Ul + MlsisisisiS 2 + wf Ca"* 
UlS 2 Ul(s 2 UlS 2 UlS 2 Ul) + Ml (sj"^sisi)sfsisiS 2 + Mf ta"‘ 

MlS2Ml(ca^Ml + M1M2U1U2M1) + MlS 2 S?(s^^sfs 2 )S 2 SiS 2 + Mf Ca”* 
MlS2Ca^Ml + M1S2M1U2M1U2M1 + MlS 2 Sisi(sj'^S 2 Sl)sfs 2 + uf ta"* 

M1S2M1M2M1M2M1 + MlS2SiS2Sl(s^^sfs2) + uf Ca"^. 


Proposition 4.8. 

{ij S 2 MiU 2 MlS 2 Sf ^S 2 C U"”. 
(a) S2UlU2UlS2^ 8182^ C U"". 
(in) 82U1U2U1U2UJ C U"". 


□ 
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Proof. 


(i) By Droposition l4.4f ii') we have S2UiU2UiS2S.^ ^S2 C S2Ui{uiOJ^ + ^S2S^ ^S2 + UiU2UiU2Ui) 

and, hence, by lemmawe have S2UiU2UiS2sf^S2 C S2UiS2sf^S2sf^S2 + S2UiU2UiU2Ui + 
U'"'. As a result, we must prove that S2UiS2sf‘^S2sf^S2 C U"". For this purpose, we expand 
ui as i?5 + R5S1 + R^sf^ + R^sf + R^sf and we have: 

S2UiS2Sf^S2Sf^S2 C U2MlS2Sj"^S2 + i?5(s2SlS2)s^^S2S^^S2 + i?5S2Sj”^S2'Sr^'®2Sr^'S2 + 

+ i? 5 S 2 Sis|sj"^S^sf^^^"+'R^S^sfs|s^ S 2 S^^S 2 . 


By proposition SHii) we have that U2U1S2S1 ^S2 C U”". Moreover, S2sfs|s]^ ^S2Si ^S2 = 
Sj"HsiS2Sl)'S2Sr^('®l'®2S^^)s2 = S]"^S2(S2S1S2)S^^S^^S1S2 = S S2sf (S2S^^S^ ^ )si s|. We alsO 
notice that S2sfs2S|j”^S2S|j"^S2 = S^^(siS2sf)s|s|j”^(siS2S7^)s2 = S^^S2('®l'®2'®r^)'®i"^'5^= 
si'^« 2 Sl(s 2 Sj'^S^^)Sls| = sj“^(sis 2 sj'^)si(s 2 sfs^^)s^^s?s 2 = (Si S^S^f ^ (S 2 sf )sf sl £ 

MlS^^sfs 2 sfs|^^?i 7 "". 

It remains to prove that the element s2s]"^s|sj"^s2sj"^s2 is inside U'”'. We expand s| as a 

and sf' 

G (A5S2 + As + A5S2 “ 1 “ A5S2 A A5S2 S 2 S]^ S 2 

G A5S2S]^ (siS2S-^ )s-^ (s2S]^ S 2 )S2 + R^S2S.^ ^S2S]^ S 2 A 


linear combination of S2, 1, s, St ^ and s, ^ and we have 

—1 2 —2 —1 
S2S1 S2S1 S2S1 S2 


+Rs{S2Si ^82 ^)Si ^S 2 Si ^S2 + A 5 (S 2 Si ^^2 ^)('®2 ^'^1 ‘‘^'2)^1 ^S 2 + 

+ A5(S2S]^ $2 )S2 (^2 Sj -52)5]^ S2 

€ A5S2Sj^ $2 Sl(S2S;^ S 2 )siS2 ~t" AsS-^ $2 S 2 -51)52 5^ 52 “1“ A 

€ A5 5)”^S^^5 i 52(5)~^5 ^^Si) 5)”^S2 + U"" 

G A 55 j^ ^S2 ^ 5 i 525 ^ ^{^2 ^ 52 ) + U'"'. 


(ii) By proposition 14.41 (i) we have that S2Ui{u2UiS2 ^siS2 C S2Ui(uia; ^ + R5S2 '^sfs2 ^siS2 ^ + 
U1U2U1U2U1) C 52^2^^+ S2MiS2s)"^S2s)"^S2 + S2U1U2U1U2U1 . Therefore, it remains to prove 

that S2 Mis|s)"^S2s)"^S2 C 17"". We expand ui as A5 + R5S1 + R5sf^ + Assf + Assf and we 
have: 


2 _2 _ 1 

52 MiS 25 j 525 j 52 C 


c 

c 

c 

c 


A 552 51^2 51 S 2 “1“ A55]^ (5i525i)52 8^82 8182 “t“ 

+ A5(S25j 82 )(52 5iS2)52 5iS 2 ~t“A5(S25iS2 )52 (525i.S2 )siS2 “t“ 

TA 5 (S 25 i 52 )52 51^2 ( 51525 ]^ )si 

R581 ^82 ^ 5 iS 2 ( 5 j^ ^52 ^51)52 ^ + R581 ^52(5152 ^ 5 ^ ^) 52 ( 525 iS 2 ^) + 
TAsS]^ 52 ( 525 iS 2 ) 5 i(siS 2 5 j ) 525 i + U 

R 5 Sf^ 8 hf\ 828 i 8 f^)si^shl + A"" 

A55)'fo257®(5l525;'^)525l + U'”' 

R 58 f^ 82 { 828 f^ 82 ^) 8 i 8 l 8 l + U'”'. 


(iii) We notice that S2U1U2U1U2OJ = S2UiU2UiU2SiS2S2UiU2UiU2{s2^S1S2) C S2U1U2U1U2S1S2U1. 
We expand U2 as R5 + R5S2 + Rss^^ + R5S2 + R^sf^ and we have: 

S2U1U2U1U28182UI C 82‘U,iU2'Ui82'Ui + 82UlU2Ul{828lS2)'Ul + S2UlU2Ul(S2 ^Sl 52 ) 52 Ul + 

+52^1112^152(525152)^1 + 52 ^ 1 ^ 2^152 ^(52 ^5152)52111 
C 82'Ui{U2Ui828i ^S2U1') + 82'UlU2UlUJUl + 52111 ^ 2^1 (S2 ^ 5 l 52 ) 5 j ^52111 + U"" 
( 1 ) 

C 82UlU2Ul82Sf^82U\ +U"". 

It remains to prove that S2iiiii2iiiS2Sj"^S2iii C U"". For this purpose, we expand as a linear 
combination of s)"^, 1 , Si, sf, sf and we have: S2UiU2UiS2Sf^S2U1 C S2UiU2UiS2sf^S2Ui + 

(i) 

S2UiU2UiS2Ui+S2UiU2Ui{s2SiS2)ui+S2UiU2UiUJUi+S2UiU2Ui{sf^S2Si)sls2Ui C 52111112^1111 + 
S 2 ltlll 2 lllS 2 Sl(s 2 ^sfs 2 )lll + U'"' C S 2 lllll 2 lllWS 2 lll + U'"' C S 2 ltilt 2 Wlll S 2 lll + U"". 
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However, s2UiU20juiS2Ui 


C S2UlU2sf 82(^5 + -R5S1 + -R5S1 ^ + i?5Si)S2ril 

C S 2 UiU 2 sislui + S 2 UlU 2 {sls 2 Sl)S 2 Ul + S 2 Ul{U 2 UlS 2 S^^ S 2 Ul) + 
+S2UlU2slujUl + S2Ul{s^^U2Sl){siS2sl)S2Ul 

(0 

C S2U1U2UJU1 + S 2 MlS 2 Ml( 52 'SlS 2 )S 2 ttl + U'"' 

C S2U1S2U1UJU1 + 


The result follows from the fact that S2 'WiS2Miwui = S2U1S2UJU1. 


□ 


We can now prove the following lemma that helps us to “replace” inside the definition of U the 
elements w® and by the elements modulo C/"", respectively. 

Lemma 4.9. 


(i) S2'^s\s\s\s\ € u^uj^ + U”". 

(ii) S2^sfs2^sfs2^ G U^UJ~^ + U'"' 

(Hi) C U. 


Proof. 


(i) We notice that = s^^SiS25i(siS2s]"^)si = s|(s2Sis^^)si(siS2s]"^)sf = 

s^^SiS2'5r^('52'®i'®^^)'®i'®2sf = s\s‘^sf‘^s\ijjs\. We expand as a linear combination of 

sj"^, 1, Si sf and sf, where the coefficient of sf is invertible, and we have: 

S2 Sl(siS2Si )S2U^Ul + S2 (^2 SiS2)S2:^Ul + 

“t“S2 Si (S2SiS2)S2U^Ul T S2 (S2 SiS2)S2SiS2:^S2U^Ul T S2 S1S2S1S2UJS1 

/ -1 -2 1 -1 2 3 , / -1 -1 1 4 -1 2 1-2 3 2 , 

S 2 ^1/^2 Si S2^'^l “h ^ 1(^1 ^2 ^1/^2'^! S2SiCJUi H”S2 'Ui“h 

G 1 s 2 It 1 2 ^ 1 2 ^ 1 

+ (S 2 ^SlS 2 )s 2 (sj"^S 2 Sl)siS 2 t<JUl + uf (uiLU^ + u( Uj'^ + UlS2UlU2UlU2Ul)LiJsf 
Sf^UI^Ul + SlS2S]“^s|si(s^^SlS2)s2CaUl + UlCJ^ + ufuJ^ + U1S2U1U2U1U2U1LOU1 

SlS2Sf^{U2sls2Sf^S2)ljJUl + uf W® + U1S2U1U2U1U2U1LOU1 + U'"'. 

By proDOsition l4.4f iil we have that S2Sj"^(u2SiS2S^^S2)a;ui C S2Sj"^(uia;^ + i?5S2S^^S2S^^S2 + 

uiU2UiU2Ui)ujui^ G S2U}'^ui + M1S2U1U2U1U2M1WM1 and, hence, the element s^^SiS2sj”^S2a;sf 
is inside S2U}'^ui + uf w® + U1S2U1U2U1U2U1OJU1 + U'"'. We notice that U1S2U1U2U1M2U1WU1 = 
itiS2UiU2MiM2WUi and, hence, by lemma HTST ii') and proposition 14.8( 1111 we have that the ele¬ 
ment s^^sis^s^^s^wsf is inside u(uj^ + U"". 


- 222—22 2 ^ 

S2 SiS 2 S^ S2^S\ G 



G 

G 


(ii) 


— S2 (o-Sl -\- b CSi -\- ds-^ “h BSi ^)S2 S^S2 
G Sl(S]^ S2 ^1^2 R5S2 S1S2 R5S2 (^2 ^2 )'^1^2 

-\-R^S2 ^('^2 ^'^ 2)'52 ^^ 1^2 R5S2 (S]^ ^2 Sl)SlS 2 

G R5S2 S1S2 (S]^ S2 ^Si)siS2 RsS2 (^2 ^1 (S 2 5152)52 ^ U 

G ^^552 51 ( 5 ^ 52 5-|^ )^2 ^l'^2 -^552 5l52 (52 5j^ 52)5]^ 52 U 

G i?55^^5i5^^(5^^5^^S^^)siS^^ + i^sS^^Si (s^^Si S2)5^^S^^5^^ + U"" 

G i?5(52 " 5 ^ 52 ) 5^^52 ^5-^S-^ + U"" 

G <E>(ui52 ^5?525?52) + U"". 


The result then follows from (i) and Lemma im 


(iii) We expand ui as R5 -b R5S1 + R^s^ ^ + R^sf + R^s^ ^ and we have that 


-2 —2 2 -2 
52 'aiS2 5 i52 


G R^S2 S1S2 -\-RsS2 (52 5152)52^5^^2 “i“-R 5(52 5 ]^ 52 )52 5 i 52 T 


I n —2 2 —2 "2 I 7 -> —2 —2 —2 2 — 

-\-1\SS2 5 i 52 5]^52 “r 4X552 5 j^ S2 5 i 52 


-2^-2^-2 2„-2 


The element S2 ^sfs2 ^sfs2 ^ is inside U"", by (ii). Moreover, we have S2 ^s^ ^S2 ^sf S2 = 


S2 ^UJ ^(S 2 ^S?S 2 )s 2 ^ = 


.- 1 , ,-l 


2 „-l „-3 


2 ^ ^ 1 ^ 2 '^! "^2 


.-1 , 


sica 


-1 2 -l „-3 
’ 2*1 


-1 „ 2 /'„-l „-l „-2 


5 l(Sl 


)S 2 S 1 


-1 „-3 


□ 
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We can now prove the main theorem of this section. 


Theorem 4.10. 

(i) U = U"" + . 

(ii) H5 = U. 

Proof. 


,-5 


(i) By definition, U = U"" + itiw® + uiu Hence, it is enough to prove that u 

' ^ ^ • vvc CA.jjmiu 02 


G U^LO^ + U" 


By lemma HT^f iji we have that w ® G wf S2 ^ + U"". We expand 83^ as a linear 


combination of s 

-22-22-2 
*2 * 1*2 * 1®2 


-1 


1, S2, s\ and s^j where the coefficient of S2 is invertible, and we have: 

R^S2 (^2 sf 52)^2 R5^2 ^1^2 s‘i Rs(^S^ S 2 Sl)siS2 (^2 5fs2) + 

+l? 5 Sl(Sj ^2 5 i) 5 iS 2 (^2 SlS 2 )S 2 G 1^5 S2 ^1^2 ^1^2 

U1S2 ^SlS 2 (sr^S 2 Sl)siSj^ + UlS 2 Sr^(sr^S 2 ^Sl)(s^^SlS 2 )S 2 Sr^ + 

G'UiS2S]^ (S]^ S2 Sl)(S2 SlS2)s2S]^ S2 G uf S2 ^1^2 S1S2 G U 
Ul^{S 2 Sf^U 2 UlS 2 Sf^S 2 ) G UlS 2 Sr^S 2 (sr^S 2 '^Sl)S 2 Sr^S 2 Sr^ + 

GrilS2S;^ S2(S]^ S2 Sl)s2S]^ ^S2Sj^ ^S2 G S2 ^^1^2 ^SiS2 G U 

Ui^[s 2 S'[^U!^Ui G S2S^^sisj"^S2Sl”^S2 G S2Sr^'WlW2MlM2Ml) G 
GuiS2Si-'sis^"s2sr's2 G<S2"s?S2”"s?si G U'”' 

However, by lemma IdTST ii'l Dronosition ll.Sr i') we have that $(s2sj”^a;^MiGs2S^^S2S^^S2S^^S2G 

[ 4 j] 

S2sj"^wiii2iiiM2Ui) C $(f 7 "") C U'"'. Therefore, it will be sufficient to prove that the ele- 


We expand 83 ^ as a linear combination of s, ^, 


ment S2 sfs^ s(s2 is inside u^uj° G U" 

1, S2, si '^2) where the coefficient of is invertible, and we have: 
MlS^^(s2sis^^)sisiGUlS^^sfsiGWlS^^(sis2Si)siS2 +WlS^^(s^^sf S2)s2sf sf Gwf s^^sf sfsis: 


S2^S?S3^sisi G 

,X „- 2„2 „ 3 „ 2„3 


,- 2 ^ 2 „- 2 „ 2^3 


By lemma IffiW il we have that uf S2 ^sfsisisi C wfcu® G U"". Therefore, S2'^3^33 "^sfsi G 
wi(sis^^s]"^)sisfsiGMis^^siS2Sj"^S2sisiGMfa;®Gf7'"'. It remains to prove that the element 

s^^siS2sj”^S2sis2 is ffiside U"". Indeed, s^^sis|s^^s2sis2 = (s^^SiS2)s2(s^^S2Si)siS2 = 
SlS2(sj"^sisi)(s^^SiS2)si = Sisisi(s^^SiS2)s^^si = Sisi(s^^sf S2)s^^si = sf (s S^Si )sis]"^si 


(ii) As we explained in the beginning of this section, since 1 G C/ it will be sufficient to prove that 
U is invariant under left multiplication by S2. We use the fact that U is equal to the RHS of 
(i) and by the definition of U"" we have: 


4 5 


LI — LI -\- ^ ^ LO U'i ~h y ' ^ Ux 'U1S2 ^1^2 ^1^2 ^1 ^2^1 521^1 “h Xl\S 2 S-^ ^2^]^ S2'UlH~ 


k=2 k=2 

, - 12 - 22-2 
-\-Xi\S2 <5152 ^ 1^2 ^ 1 - 


On one hand, S2{U' G G itiS2 ^sfs2 ^siS2 G uiS^Si ^S2Si ^S2Ui) C U (proposition 221 
lemma 2751 ^0 and proposition 14 .Sf il. (ii)). On the other hand. 


-fc -2 -1 -fc+l k — l \ | 4 - 2 |and| 4 . 3 (M) 3 4, 

2 _^S 20 J ui = ^^Si S2 uj ^ ui C MiS2a; ui) C ui$(C/Gs2a;'^GS2W )ui 

k=2 k=2 k=2 

Therefore, by lemma 14.11 we only need to prove that 

, O A _O Q _O Q _ 1 Q _Q Q _O . 

S2(ca Ui G to u\ G 1^15253 S2S3 53^1 G '^153 S]^S2 S]^S2 wi) C U. 


We first notice that S2a;"^ui = S2UJ^ujui = S2UJ^uiuj. Therefore, in order to prove that 
S2{uJ^ui G oj'^ui) C U, it will be sufficient to prove that S2to^ui C U1S2U1U2U1U2U1 (propo¬ 
sitions 14.61 and I 4 . 8 l iii')'). Indeed, we have: S2to^ui = S2Uj'^tuui ^ siS2SiS2sfs2WMi = 
siS2sfs2sf( s("^S2Si)siS2Mi = SiS2sfS2sfS2sf(s^^siS2)ui C UiS2M1 (S2M1S2U1S2U1). However, 
by lemma Iffi^ il we have that uiS2Ui{s2UiS2UiS2Ui) C uiS2'i'-i(w^ui GU1U2M1U2U1). The result 
follows from lemma l 47 ^ iil. 
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It remains to prove that S2U1S2 ^sfs2 ^3^32 ‘^ui and S2U1S2S1 ^s^Si are subsets of U. We 
have: 

S2U1S2 ^1^2 ^ 1*^2 ~ 52(1^5 H~ -R5S1 ~h ~h -Rs^i “h )'^2 ® 1^2 ^ 1^2 

CZ 7?5SjS 2 ^1^2 “h-^5(^2Sl^2 )^1^2 ^1^2 ^5(^323^ S2 )'5i'52 ^1^2 

H- 7 ? 5 (s 2 sfs 2 )sfs 2 ^3^82 ^ ~\~ -^5(52^1 ^^2 ^)'^ 1'^2 ^^ 1^2 ^ 

^ 2 3 -2 2 — 2 , -2 —2 2 —2 I rr 

CZ 1^1525182 '5i< 52 H” 1^152 'lilS2 ^1^2 ^' 

However, by lemma [HQl^iii) we have that C U. Therefore, it remains to 

prove that the element is inside U. For this purpose, we expand sf as a linear 

combination of sf, si, 1 , and and we have: 

2 3 —2 2 —2 ^ 7-j 2 2 —2 2 — 2 , 7-> 2 / —2 — 1 \ 3 — 2 , - 2 , 7-1 —1/ 2 — 1 \ —22 — 2 , 

S 2 '^ 1'52 '^ 1^2 ^ /l 5 S 2 ^ 1'^2 '^ 1'^2 H“ -rt 5 S 2 (' 5 l '^2 )^ 1^2 H”'aiS 2 +-TtS^i \^ 1 ^ 2^1 /'^2 '^l '^2 

+ 7 ? 5 S 2 Sr ^®2 

However, s^sfs^^sfs^^ = S2(s2sfs^^)s^^si(sis^^sj"^)si = S 2 Sr^' 52 (s 2 SlS^^)siS^^Sj"^S 2 Si = 
S 2 S^^(siS 2 Sr^)('® 2 SlS^^)s^^S 2 Sl = S2S (si S 2 S^^ )s 2 Sr^ ^2 Si = MiS 2 Sj"^S^^(siS 2 Sj"^)s 2 Si. 

Moreover, we expand Si as a linear combination of Si, 1 , s|j”^, and s|j”^ and we have: 

S ^ 5 S 2 Sr ^'52 ) (•Sl~^S 2 ^'*1 )'S 2 ^ + -R 5 S 2 Sl"^S^^ (S 2 ®2 ^) + 


+-R 5 S 2 (S 2 Sj^ S2 S2 “t“ ^(S 2 S1S2S1S2) 

ITtI 

^ H5S2S1 CJ T -R 5 S 2 S-^ §2 Sl^J S2 “t“ $(H) “t" [/ 

ITT] 

CZ S2Ca 111 + H 5 S 2 S^ S2 S1S2 “t“ U 
C T^sZ^UlS^^SlS^^ +U. 

Therefore, by proposition H-Sf ijl we have that the element s2sj”^s^^sf s^^ is inside U and, 
hence, S2Mis^^S2S^^sfs^^ui C U. 

In order to finish the proof that = U it remains to prove that S2WiS2sj"^S2sj"^s| C U. For 
this purpose we expand ui as R5 + R5S1 + R^sf + R5S1 + R^sf and we have: 

— 2 2 —2 2 ^ —2 —2 2 — 2 \ , 7-1 / \ —2 2 —2 2 , 71 —2 2 —2 2 . 

32UiS2S-^ 52'®i "^2 ^ ^(^2 '^1'52 ^1^2 ) “t -^5{’52<5lS2)5]^ ^2^1 S 2 +^2'^! ^2 + 


-h 7 ? 5 S2S2S-|^ ^ 2^1 ^2 ~l~ -^^ 5 ^ 2 S2S-|^ '^ 2^1 ^ 2 ' 


[Q 


However, by lemma iTW iiil we have that $(s2 ^uiS2 ^sf S2 C ‘&(H) ' C ' U. Moreover, 

2 o 2 o 2 2 2 2 1 /"-Y 3 2 2 2 2 

cdSi S2S1 $2 = R5S1 UJS2S1 S2- It remains to prove that C := R^S2SiS2Si s^Si S2 + 

i?5S2sfs2s]"^s|sj"^s| is & subset of U. We have: 

C = RsS 2 Si{siS 2 S^ ^)Sj^ ^S 2 (S 2 Sj^ ^)S 2 + RsS^ ^ (siS 2 Si)S 2 Si ^S 2 (S 2 Sj^ ^)S 2 

= i?5(S2sfs2 ^)(si®2S;"^)S2Sj"^S2 ^Sisi + -R5Sr^S2(siS2Sr^)®r^ (S2Sr^S2 ^)S2 
= -R5Sj"^S2(S2SlS2 ^)(siS2Sj"^)S2 ^SlS2 + -R5Sl”^S2C^S]“^Sj^SlS2 ^SlS2 
= i? 5 Sr^® 2 Sl"^(S 2 SlSj^)sfs 2 + -R 5 Sr^® 2 Sr^(® 2 SiS 2 ^)siS 2 + U 
= -R5S1 S2S;^ (S2S1S2 )siS2 T rilS2S]^ S2S1S2 + U. 

We expand s|j"^ as a linear combination of s|j”^, s|j"^, 1 , si, sf and sf and we have that 
11182^2^ S281S2 CZ U1S2S2 8281S2 T ril(siS2S,^ )S2SiS2 “t“ UlS2S1S2 “t“ rtlS2(S2SiS2)SiS2T 
+Uisisfslsfsl 

Hence, in order to finish the proof that = U we have to prove that uis^s^^slsisf and 
Misfsfslsfsl are subsets of U. We have: 

1118282 828282 — rtlS 2 S-^ (cCS 2 T feS 2 “t“ C “t“ dS 2 “t“ CS2 )SiS 2 

C U18282 ^S2SiS2 + U18282 ^S2SiS2 + rilS^ T aiS2(s2S]^ ^S2 ^)SiS2 + UlS2S]^ ^S2 ^SiS2 

However, we have that uis^s^^s^sfs^ = Ui(sj”^s2si)s2(s^^sj"^s2)s2s2. Moreover, we have 

ltis|s^^s^^sf S 2 = Wi(sis|s|j"^)(s|j"^s^^si)sis2 = UiS^^S^S^W^SisI = 1iiS^^S2S2Si(s^^s|j"^S2)s2 
itis^^sf s^sf s^^(s^^s]"^S2) C $(s2U2MiS2s]"^S2). Bv Droposition lTTST i') and lemma H.ll we have 
that uisls^^s^^sisl C U. It remains to prove that uisls^^slsisl C U. We notice that 
ltis|sj"^s|sf S2 = UlS 2 (s^^sj"^S 2 )s 2 sf S2 = Itl (s]"^ S2S1 )s^^S^ ^ S2S1S2 = MlS 2 SiS^^sj"^S 2 SiS 2 . 
We expand s^ as a linear combination of s\, S2, I, s^^ and s^^ and we have: 
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W 1 S 2 S 1 S 2 Sj S2STS2 C U 1 S 2 S 1 S 2 (S2 Sj S2)sisi + U 1 S 2 S 1 S 2 LO + U 1 S 2 S 1 S 2 Sj S 2 S 1 + 


“t“WlS 2 SlS 2 (^ 2 S]^S 2 ) “t“'?ilS 2 sf S2 ( 5251^2 ^^2 


C U 1 S 2 S 1 S 2 ^Sl(S2 ^SlS2)S2 + U 1 S 2 S 1 S 2 ^Si ^S2(S2 SiS 2 + 'UlS2S?S2 ^ + U 
C Ul{$2UlU2UlS2S'[^S2)ui + U. 

The result follows from l4.8f il and l4.ll 

Using analogous calculations we will prove that Uis\s\s2s\s2 is a subset of U. We have: 

U1S2S1S2S1S2 — Ul S2SI (^CLS2 “t“ bS2 “t“C“t“dS2 TCS 2 )^1^2 

C 'aiS2SlS2':’l':’2 “t“'1 £iS2WSiS 2 “t U1^2 £i_£ 2 “f ^ 152(525182 )5i52 + WiS25i52 Si52. 

However, U1S2UJS1S2 = uiS2sluiS2- Therefore, it remains to prove that uislsis^sisl and 
Uis2sfs^^sfs2 are subsets of U. We have: 

ai525iS25iS2 — 'ai525iS25i(£JS2 “t“ hS2 “t“C“t“d52 “t“eS2 ) 

d UxS2UJ 52 “t“ 'U1S2UJ -j- UiS25i525i T 11152:^525152 “t“ Ul S2UJS2^ 1^2 

By lemma lT^ iil we have that uiS2UJ^S2+uiS2UJ^ C uiS2sfs2sfs2UiS2 + (7- However, by lemma 
I4.3f il we have ui sisf (sisfsTiti S2I C uiS2sf(uj^ui+uiU2UiU2Ui) C uiS2UJ^ui+ uiS2UiU2UiU2Ui . 
Using another time lemmaiil we have that uiS2sf(oj^Ui + U1U2U1U2U1) C U. It remains 
to prove that D := MiS2a;s2SiS^^ + UiS2WS2sfs^^ is a subset of U. We have: 

D = UiS2UJ{s2SiS2 ^) U1S2I^{S2 SiS2^)s2 ^ 

= lliS 2 a;S^^ 5 isi + Ui 52 a;s^^s|si 52 ^ 

—1 2 I —12—1 

= U1S2SI OJS2S1U1S2S-1 OJS2S1S2 ■ 


However, we have uiS2S]^ ^a;s2SiS2 ^ = U1S2S2 ^a;s2(s2SiS2 = miS 2S]^ ^S2Si(siS2Si ^)s2Si = 
uiS2sj"^(s2Sis^^)siS2Si, meaning that D C U. 


Using analogous calculations we will prove that itis|sfs2 C U. We have: 
UlS 2 (s 2 sf 5 ^^) 5 ^^ 5 ?S 2 

UiS 2 S]"^s| 5 i 52 (05^ + bS 2 + C + d 52 ^ + 682 

Wi(siS2S;'^)82(828iS 2 ^)Sisi + Ul828j"^sisi (83 ^8?82) + Ul 825 C^ 8 i 8 l 8 ^^S? + 
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U1S2S1S2 S1S2 


c 


c 


c 


-\-UiS2S2^ S2(^S2SiS2 ^^1^2 H“WlS2'5]^ -52(525152 )5i52 

1^152 (5iS25i )525i52 H“ "^^1525]^ 525]^ (525i52 ) + 

-\-'U\S2S-^ ( 51525 ]^ )(525i52 )52 ~\- U 

UlS2^ slslsls2 + Ul828f^8^^(8l828j"^)8|(828l8^^) + U 
Ul 528 ^^ 8 j^( 8 l 828 f ^)828l + U. 


□ 


Corollary 4.11. is a free -module of rank r^ = 600. 

Proof. By proposition 12.21 it will be sufficient to show that is generated as i?5-module by rs 
elements. By theorem 14.101 the definition of U"" and the fact that uiU2Ui = mi + uiS2'i'-i + 
+U1S2M1 +itis^^ui we have that is spanned as left ui-module by 120 elements. Since 
Ml is spanned by 5 elements as a i?5-module, we have that is spanned over i? by rs = 600 
elements. □ 

5 The irreducible representations of of dimension at 
most 5 

We set Rk = ^ = 2 , 3 , 4 , 5 . Let Hk denote the quotient of the group algebra 

RkBs by the relations (si — Mi)...(si — Uk), i = 1 , 2 . In the previous sections we proved that Hk is 
a free i?fc-module of rank rk. Hence, Hk is a free i?fc-module of rank rk (Lemma 2.3 in [E]). We 
now assume that Hk has a unique symmetrizing trace tk ' Hk —>■ Rk (i-C. a trace function such 
that the bilinear form {h, h') 1—>■ tk{hh') is non-degenerate), having nice properties (see [ 3 ], theorem 
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2.1): for example, tfe(l) = 1, which means that tk specializes to the canonical symmetrizing form 
on CWk- 

Let /ioo be the group of all roots of unity in C. We recall that Wk is the finite quotient group 
83/(3^), fc = 2 , 3 , 4 , 5 and i = 1 , 2 . We denote by Kk the field of definition of Wk, i.e. the number 
field contained in Q(/roo), which is generated by the traces of all elements of Wk (for more details 
see m)- We denote by fi{Kk) the group of all roots of unity of Kk and, for every integer m > 1 , 
we set Cm :=exp( 27 ri/m), where i denotes here a square root of- 1 . 

Let V = {vi,...,Vk) be a set of k indeterminates such that, for every i € {l,...,fc}, we have 
By extension of scalars we obtain a C(v)-algebra <C{w)Hk '■= which 

is split semisimple (see [ 12 ], theorem 5 . 2 ). Since the algebra C{v)Hk is split, by Tits’ deformation 
theorem (see theorem 7 . 4.6 in | 5 ]), the specialization Vi ^ 1 induces a bijection Irr(C(v)i 7 fc) —?> 
Irr(Wfe). 

Let g : B3 ^ GLn{C) be an irreducible representation of B3 of dimension fc < 5 . We set 
A := g{si) and B := £>(52). The matrices A and B are similar since si and S2 are conjugate 
(s2 = (siS2)si(siS2)~^)- Hence, by Cayley-Hamilton theorem of linear algebra, there is a monic 
polynomial m{X) = + ... + miX + mo G C[X] of degree k such that m{A) = 

m{B) = 0 . Let denotes the integral closure of Rk in Kk- We fix 9 : R.’l^ —>■ C a specialization 
of defined by Ui !->■ Xi, where Xi are the eigenvalues of A (and B). We notice that 9 is 
well-defined, since mo =detH G C^. Therefore, in order to determine g it will be sufficient to 
describe the irreducible CHk := Hk C-modules of dimension k. 

When the algebra CHk is semisimple, we can use again Tits’ deformation theorem and we have 
a canonical bijection between the set of irreducible characters of CHk and the set of irreducible 
characters of C{v)Hk, which are in bijection with the irreducible characters of Wk- However, this 
is not always the case. In order to determine the irreducible representations of CHk in the general 
case (when we don’t know a priori that CHk is semisimple) we use a different approach. 

Let Rq (C{v)Hk) (respectively RQ{CHk)) denote the subset of the Grothendieck group of the 
category of finite dimensional C{v)Hk (respectively Ci 7 fc)-modules consisting of elements [H], 
where H is a C{v)Hk (respectively Ci 7 fc)-module (for more details, one may refer to § 7.3 in [ 9 ]). 
By theorem 7 . 4.3 in [ 3 ] we obtain a well-defined decomposition map 

de : i?J(C(v)iJfc) ^ RtiCHk). 

The corresponding decomposition matrix is the Irr(C(v)iJfc) x Irr(Ci 7 /c) matrix (djj.^) with non¬ 
negative integer entries such that de([I^]) = where is an irreducible C(v)iJfc-module 

4 > 

with character y and is an irreducible CiJfc-module with character (f. This matrix records 
in which way the irreducible representations of the semisimple algebra C{v)Hk break up into 
irreducible representations of CHk- 

The form of the decomposition matrix is controlled by the Schur elements, denoted as y G 
Irr(C(v)i 7 fc), with respect to the symmetric form tk- The Schur elements belong to R^ (see [ 9 ], 
Proposition 7 . 3 . 9 ) and they depend only on the symmetrizing form tk and the isomorphism class 
of the representation. Moreover, M. Chlouveraki has shown that these elements are products of 
cyclotomic polynomials over Kk evaluated on monomials of degree 0 (see theorem 4 . 2.5 in 0 )- 
In the following section we are going to use these elements in order to determine the irreducible 
representations of CHk (for more details about the definition and the properties of the Schur 
elements, one may refer to § 7.2 in 0 )- 

We say that the C(v)i 7 fc-modules V^, Ifp belong to the same block if the corresponding charac¬ 
ters Xt'4’ label the rows of the same block in the decomposition matrix (d^^) (by definition, this 
means that there is a 0 G Irr(Ci 7 fc) such that ^ 0 If an irreducible C(v) 7 Jfe-module 

is alone in its block, then we call it a module of defect 0 . Motivated by the idea of M. Chlouveraki 
and H. Miyachy in |6] § 3.1 we use the following criteria in order to determine whether two modules 
belong to the same block: 

• We have 9 {s^) 7^ 0 if and only if Id^ is a module of defect 0 (see [ 14 ], Lemma 2 . 6 ). 
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This criterium together with theorem 7 . 5.11 in [^, states that is a module of defect 0 if 
and only if the decomposition matrix is of the form 


i 

* 

u 

* 

1 

* 

* 

0 

* 

* 

0 

... 0 

1 

0 ... 

0 

* 

* 

0 

* 

* 


* 

0 

* 



• If are in the same block, then 0 (w;^(zo)) = 9 {uj^{zo)) (see [S], Lemma 7 . 5 . 10 ), where 

are the corresponding central character^ and Zq is the central element (siS2)^- 


We recall that in order to describe the irreducible representations of of dimension at most 
5 , it is enough to describe the irreducible CiJ^-modules of dimension k. Let S be an irreducible 
CiLfc-module of dimension k and s € S with s ^ 0 . The morphism fs : CHk —^ S defined by 
h 1-^ hs is surjective since S is irreducible. Hence, by the definition of the Grothendieck group we 
have that dg{^[C{v)Hk]) = [CHk] = [kerfg] + [S']. However, since C(v)iJfe is semisimple we have 
C(v)iJfc = Ml © ... © Mr, where the Mi are (up to isomorphism) all the simple C(v)i 7 fc-modules 

r 

(with redundancies). Therefore, we have dgUMi]) = [ker/g] + [Sj. Hence, there is a simple 

i=l 

C(v)i 7 fe-module M such that 

dgi[M]) = [S] + [J], (4) 

where J is a CiLfc-module. 

Remark 5.1. 

(i) The C(v) 77 fe-module M is of dimension at least k. 

(ii) If J is of dimension 1 , there is a C(v)i 7 fe-module N of dimension 1 , such that (ie([A^]) = [Jj. 

This result comes from the fact that the 1 -dimensional CiLfe-modules are of the form (Ai), 
i = . ,k and, by definition, Ai = 9 {ui). 


The irreducible C(v)i 7 fc-modules are known (see [13] or |3| § 5 B and § 5 D, for n = 3 and n = 4 , 
respectively). Therefore, we can determine S by using (| 3 |) and a case-by-case analysis. 

• k = 2 : Since H2 is the generic Hecke algebra of 63, which is a Coxeter group, the irreducible 
representations of CH2 are well-known; we have two irreducible representations of dimension 1 
and one of dimension 2 . By (jdj) and remark [ 5 T] (i), M must be the irreducible C(v) 7 Jfe-module 
of dimension 2 and (| 4 |) becomes [S'] = dg{[M]). Hence, we have: 


A = 


Ai Ai 
0 A 2 


B = 


A 2 0 

—A2 Ai 


Moreover, [S] = dg{\M]) is irreducible and M is the only irreducible C(v)iJfc-module of dimen¬ 
sion 2 . As a result, M has to be alone in its block i.e. 9 {s^) ^ 0 , where x is the character 
that corresponds to M. Therefore, an irreducible representation of B3 of dimension 2 can be 
described by the explicit matrices A and B we have above, depending only on a choice of Ai, A2 
such that 9 {s^) = Af — A1A2 + A| ^ 0. 

®If 2: lies in the center of CfvjiJj, then Schur’s lemma implies that 2 acts as scalars in and V,p. We denote 
these scalars as and u),j,{z) and we call the associated C(v)-homomorphisms : Z(C{v)Hf;'j —>■ C(v) 

central characters (for more details, see [ 9 ] page 227 ). 
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• fc = 3 : Since the algebra C(v)i/3 is split, we have a bijection between the set Irr(C(v)7?3) and 
the set Irr(ty), as we explained earlier. We refer to J. Michel’s version of CHEVIE package of 
GAP 3 (see |T 7 ]) in order to find the irreducible characters of W3. We type: 

gap> W_3:=ComplexReflectionGroup(4); 
gap> CharNames(W_3); 

[ "phi{l,0}", "phi{l,4}", "phi{l,8}", "phi{2,5>", "phi{2,3}", "phi{2,l}", 
"phi{3,2}" ] 

We have 7 irreducible characters where i is the dimension of the representation and j the 
valuation of its fake degree (see [ 12 ] §6A). Since S is of dimension 3 , the equation (| 4 |) becomes 
[S'] = dg{[M]), where M is the irreducible C(v)i73-module that corresponds to the character 
4 ’3,2 (see remark [ 5 . If ill. However, we have explicit matrix models for this representation (see 
| 2 |, § 5 B or we can refer to CHEVIE package of GAP 3 again) and since [S] = de([M]) we have: 



A3 0 

o' 


'Ai -1 

A2 

A = 

A1A3 -p A2 A2 

0 

, B = 

0 A2 

— A1A3 — A2 


A2 1 

Ai 


0 0 

A3 


M is the only irreducible C(v)£r3-module of dimension 3 , therefore, as in the case where k = 2, 
we must have that 0(3^^ 2) 7^ 0 - The Schur element 5^3 ^ has been determined in [TT] and the 
condition 0(3^2,2) 7^ 0 becomes 

(Af + A2A3)(A2 + AiA3)(A§ + A 1 A 2 ) ^ 

To sum up, an irreducible representation of B3 of dimension 3 can be described by the explicit 
matrices A and B we gave above, depending only on a choice of Ai,A2,A3 such that ([ 5 ]) is 
satisfied. 

• fc = 4 : We use again the program GAP 3 package CHEVIE in order to find the irreducible 
characters of W4. In this case we have 16 irreducible characters among which 2 of dimension 
4 ; the characters 414^5 and (j>4^3 (we follow again the notations in GAP 3 , as in the case where 
fc = 3 ). 

By remark EHi) and relation o, we have [S'] = dg{[M]), where M is the irreducible C(v)i74- 
module that corresponds either to the character ^4^5 or to the character ^4,3. We have again 
explicit matrix models for these representations (see | 2 ], § 5 D, where we multiply the matrices 
described there by a scalar t and we set ui = t,U2 = tu,U3 = tv and U4 = tw): 


Ai 

0 

0 

O' 



A3 a 

A2 A3Q: 

Ai 

A2Ag- 

r 

-^2 

A2 

0 

0 

, B = 

0 

CO 

A2A3—r 

Ai 

r 

A? 

Ai A2A3~Air 

•^3 

0 


0 

0 

A2 

A? 

r 

r 


r 

1- 

1 

> 

to 

X20: 

roi 

A 4 _ 


.0 

0 

0 

Ai _ 


where r := and a := . 

''i 

Since dg{\M]) is irreducible either M is of defect 0 or it is in the same block as the other 
irreducible module of dimension 4 i.e. ^(^^^ ^(zo)) = We use the program GAP 3 

package CHEVIE in order to calculate these central characters. 

More precisely, we have 16 representations where the last 2 are of dimension 4 . These representa¬ 
tions will be noted in GAP 3 as R [15] and R [16] . Since Zo = (siS2)^ we need to calculate the ma¬ 
trices i?[j](siS2SiS2SiS2), j = 15 , 16. These are the matrices Product (R[15] { [1,2 , 1,2,1,2 ] }) 
and Product (R[16] { [1 , 2 , 1 , 2 , 1 , 2 ] }), in GAP 3 notation, as we can see below: 
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gap> R:=Represeiitations(H_4) ; ; 
gap> Product(R[15]{ [1,2,1,2,1,2]}) ; 

[ [ u_l“3/2u_2~3/2u_3'3/2u_4“3/2, 0, 0, 0 ], 

[ 0, u_l“3/2u_2~3/2u_3'3/2u_4“3/2, 0, 0 ], 

[ 0, 0, u_l'3/2u_2'3/2u_3~3/2u_4'3/2, 0 ], 

[ 0, 0, 0, u_l"3/2u_2"3/2u_3~3/2u_4-3/2] ] 
gap> Product(R[16]{ [1,2,1,2,1,2]}); 

[ [ -u_l“3/2u_2~3/2u_3'3/2u_4“3/2, 0, 0, 0 ], 
[ 0, -u_l‘3/2u_2-3/2u_3'3/2u_4‘3/2, 0, 0 ], 

[ 0, 0, -u_l'3/2u_2'3/2u_3"3/2u_4‘3/2, 0 ], 

[ 0, 0, 0, -u_l"3/2u_2"3/2u_3~3/2u_4"3/2 ] ] 


We have 0(a;4,5(to)) = —^(w4,3(to)), which means that M is of defect zero i.e. ^ 0, 

where i = 3 or 5. The Schur elements ^ have been determined in [11] §5.10, hence the 
condition ^ 0 becomes: 


4 

n 

p=i 


—2r 0 T ^p) 0(^ T + AgAt) 


(AiA2A3A4)^ 


^ 0, where {r, I, s, t} = {1, 2,3,4} 


( 6 ) 


Therefore, an irreducible representation of of dimension 4 can be described by the explicit 
matrices A and B depending only on a choice of Ai,A 2 ,A 3 ,A 4 and a square root of A 1 A 2 A 3 A 4 
such that dn]) is satisfied. 

• fc = 5 : In this case, compared to the previous ones, we have two possibilities for S. The reason 
is that we have characters of dimension 5 and dimension 6 , as well. Therefore, by remark [5. ll i'l 
and (ii) and (jl]) we either have d 0 {\M]) = [5], where M is one irreducible C(v)i? 5 -module of 
dimension 5 or (ie([7V]) = [S'] + ci 6 »([./V']), where N,N' are some irreducible C(v)i? 5 -modules of 
dimension 6 and 1 , respectively. 

In order to exclude the latter case, it is enough to show that N and N' are not in the same 
block. Therefore, at this point, we may assume that 6 {uix{zo)) ^ 0(a;^(zo)), for every irreducible 
character of W 5 of dimension 6 and 1, respectively. We use GAP3 in order to calculate 
the central characters, as we did in the case where k = A and we have: 9{uj^{zq)) = Af, 
i S {!,..., 5} and 0(a;^(zo)) = —x^yztw, where {x,y, z,t,w} = {Ai, A 2 , A 3 , A 4 , A 5 }. We notice 
that 9{uj^{zo)) = —AjdetA, j G {!,..., 5}. Therefore, the assumption 9{ujy.{zo)) ^ 9{uj^{zo)) 
becomes detA ^ — A®A“^, i,j G {1,2,3,4, 5}, where i,j are not necessarily distinct. 

By this assumption we have that de{[M]) = [S], where M is some irreducible C(v)i 45 -module 
of dimension 5. We have again explicit matrix models for these representation (see |13j or the 
CHEVIE package of GAP3), therefore we can determine the matrices A and B. We notice that 
these matrices depend only on the choice of eigenvalues and of a fifth root of detA. 

Since de{[M]) is irreducible either M is of defect 0 or it is in the same block with another 
irreducible module of dimension 5. However, since the central characters of the irreducible 
modules of dimension 5 are distinct fifth roots of {uiU 2 U^UiUz)^^ we can exclude the latter case. 
Hence, M is of defect zero i.e. 9{s^) 7 ^ 0, where (j) is the character that corresponds to M. The 
Schur elements have been determined in |llj (see also Appendix A.3 in [3) and one can also 
find them in CHEVIE package of GAP3; they are 


5 

5 n (»' + Ui){r - C3Ui){r - Qm) n (^'^ + UiUj) 

_(Ai_ 

{uiU2U3U4U5y 

where r is a 5th root of M1M2U3M4U5. However, due to the assumption detA 7^ —Af, i G 
{1, 2, 3,4, 5} (case where i = j), we have that 9{r) + 7^ 0. Therefore, the condition 9{srj,) 7^ 0 
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becomes 


5 


]^(r^ + Xif + Xf) + XiXj) ^ 0 


(7) 


where r is a fifth root of detA. 

To sum up, an irreducible representation of B 3 of dimension 5 can be described by the explicit 
matrices A and B, that one can find for example in CHEVIE package of GAPS, depending only 
on a choice of Ai, A 2 , A 3 , A 4 , A 5 and a fifth root of detA such that © is satisfied. 

Remark 5.2. 

1. We can generalize our results for a representation of B 3 over a field of positive characteristic, 
using similar arguments. However, the cases where fc = 4 and fc = 5 need some extra analysis; 
Eor fc = 4 we have two irreducible C(v)iJ 4 -modules of dimension 4, which are not in the 
same block if we are in any characteristic but 2. However, when we are in characteristic 2, 
these two modules coincide and, therefore, we obtain an irreducible module of B 3 which is 
of defect 0, hence we arrive to the same result as in characteristic 0. We have exactly the 
same argument for the case where fc = 5 and we are over a field of characteristic 5. 

2 . The irreducible representations of B 3 of dimension at most 5 have been classified in |T5] . 
Using a new framework, we arrived to the same results. The matrices A and B described 
by Tuba and Wenzl are the same (up to equivalence) with the matrices we provide in this 
paper. For example, in the case where fc = 3, we have given explicit matrices A and B. If 
we take the matrices DAD~^ and DBD~^, where D is the invertible matrix 



Ai(A 3 — Ai) 
— A^ + 2AiA3 
Ai(Ai — A3) 


(A2 — A3)(A3 — Ai) 
A3A2) (Ai — A3)(Af + Ai A3) , 
— A3Ai(Ai + A 2 ) 


D— (A2 — Ai)(A§ + Ai A2) Ai( 2 A 2 Ai 
0 


we just obtain the matrices determined in [19] (The matrix D is invertible since detZ) = 
Ai(Af + A 2 A 3 )(A| + AiA 2 )^ 0, due to (g])). 
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